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PREFACE. 



It is hoped that the present work may meet the require- 
ments of two classes of students. It is intended on the one 
hand to supply a clear account, complete as far as it goes, of 
the principles on which the calculation of the motion of 
a rigid body is conducted, for students who have not sufficient 
time to master the larger treatises already published on the 
subject. In addition, the writer's experience has shewn him 
that, in the case of students of a dififerent class, the study of 
such a work as the present often forms a good preparation for 
an acquaintance with works which take a wider and deeper 
range. 

The chief difficulty experienced has been that of selec- 
tion, from a large mass of propositions, of those which were 
proper to be included as of most importance. Stress has 
mainly been laid upon the clear enunciation of general 
principles, without a full perception of which there is sure to 
be confusion: while less importance has been attached to 
special artifices for the solution of particular problems. 

The author desires to express his thanks to several 
friends, and especially to his colleague Professor A. S. 
Herschel, for assistance in correcting proofs and for many 
valuable hints : and will be grateful to any of his readers who 
will inform him of errors, or suggest improvements. 

College of Science, 

Newcabtlb-upon-Tynb, 

March, 1882. 
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KINEMATICS. 



1. The motion of a point in space is determined by 
means of the changes in the co-ordinates which at any instant 
determine its position. If its co-ordinates referred to three 
fixed rectangular axes be x, y, z; the velocities of the 

particle resolved parallel to these axes are -^- , -^ , -7- 

respectively ; and the accelerations in the same directions are 
cCx cPy cPz ^. , 

d?' 5#' ^respectively. 

Hence to determine completely the motion of a point in 
space three quantities require to be completely known in 
terms of the time. 

2. If the motion of the particle be confined to one plane, 
two quantities are sufiicient If the position of the particle 
be determined by rectangular co-ordinates x, y, its velocities 

parallel to these respectively are -ji » -^i ^^^ its accelera- 

tions in the same directions are 7^ > "i^ • If ^^^ position 

be determined by polar co-ordinates r, 0, the velocities of 
the particle along and perpendicular to the radius vector are 

A.D. 1 



2 KINEMATICS. 

dr dO 

ji 9 ^ -J7 > respectively ; and its accelerations in the same 

at at 

directions are 

d'r fd0\* .\d f ^de\ 

If 8=f(<f)) be the intrinsic equation of tbe path of 
the particle, the velocity is entirely along the tangent, 

and is measured by >. , while the accelerations along the 

tangent and normal are measured by -r^ and -r. - -S $ 

respectively. The latter is usually expressed in the form 

1 fdsV 

-[■j.j where p is the radius of curvature of the curve at the 

ds 
point considered, and is equal to -jy . 

If a point be moving in a circle round the origin so that 

df 
r ia constant and -j- therefore vanishes, the velocity of the 

particle is' entirely perpemdiculdr to the radius vector, and is 

measured by r — , or ra>, if a> denote the angular velocity at 

the instant. 

The resolved parts of this velocity parallel to the axes of 
a: and y are — yco and +xa) respectively, if w denote a rotation 
from Ox to Oy. 

All the precieding results are to be found in the ordinary 
treatises on Dynamics of a particle. 

3. The motion of a straight rod is completely determined 

if we know at any time the position of a given point on the 

rod, and the direction of the line of the rod in relation 

to certaitiL fixed directions. If the motion be confined to one 

plane, this will require the determination of three things, viz. 

the co-ordinates x, y of the fixed point, and the inclination 

of the line to Ox, in terms of t, the time. The rate of change 

dd 
of this latter quantity, measured by -^ , is called the angular 

velocity of the line in the plane. 



KINEMATICS. S 

It is obvious that the motion of a plane figure of any kind 
in its own plane, is completely determined if we know that of 
any one line in it, and ^therefore requires three quantities for 
its determination. 

if u, V be the velocities of a given point in the plane 
figure parallel to the axes, and ar, y be the co-ordinates of any 
point in the figure relative to this point as origin, the 
velocities of the second point parallel to the axes will 
be w — yro, v + xto, where w is the angular velocity of the body 
round the given point. 

If a point be fou,nd such that these expressions vanish, 
that point is instantaneously at test. Its co-ordinates are 

^- , — , and if these be called a, /8, the velocities of any 

other point parallel to the axes are, by substitution of ySo) and 
— ao) for u and t;, — (y — /8) co and {x — a) cd. These expres- 
sions shew that the motion is instantaneously one of rotation 
about the point (a, 13) which is therefore called the centre of 
instantaneous rotation. 

The position of this point can be geometrically determined 
if we know' the directions of motion of any two points of 
the body, for it will evidently be the point of intersection 
of the lines drawn from these points in directions at right 
angles to those of their motion. 

4. If the motion of the rod be not confined to one plane, 
three quantities will determine the motion of the fixed point, 
and three more the direction of the line relative to the 
co-ordinate axes. These latter three are however connected 
by the well-known relation between the direction -cosines of 
any straight line, and consequently the total number of 
quantities to be found is five. 

5. It is evident that the position of a rigid body of 
any given form is completely known if we know the 
positions of any three points of the body which do not 
lie in a straight line. This will require the determination 
of the nine co-ordinates of the three points. As however 
these nine co-ordinates are connected by three relations, 
obtained from the consideration that the distances between 

1—2 



4 KINEMATICS. 

the points are given, there remain six independent quantities. 
Thus six conditions are required in order to determine 
completely the most general motion of a single rigid body. 

6. Let {x, y, z) be the co-ordinates of any point of 
the body; (a, /8, 7) those of another point on the body;^ 
3Jttd f, 17, f the co-ordinates of the first point relative to axes 
through the second parallel to the original co-ordinate axes. 

Therefore x = a + ^, y = /8H-i7, Js=^ y + ^y 

^ dx ^doL d^ dy d0 dt) dz __dy rff 

Hence ^-j^ + ^' di^'dt'^di' di^'dt'^di' 

Hence the velocity of (a?, y, z) in any direction is equal to 
the sum of the velocities of (a, yS, 7), and of (x, y, z) relative 
to (a, y8, 7), in that direction. 

To investigate the motion of a rigid body, we may 
therefore investigate the motion of any given point in it, 
and add the motion of the body relative to that point. 

7. Let then (a, /8, 7) be taken as origin, and let x\ y\ z\ 
be the co-ordinates of the point (f , 17, 5) referred to axes fixed 
in the body and moving with it. 

Let (?j, m^, n,), (Z^, m^, w^), (?, mg, n^ be the direction- 
cosines of the axes of x\ y\ z with respect to those of 
1, 17, f. Then by the author s Solid Geometry, Art. 44, 

^-^l^x^-ljf'^-l^', x=l^^ + m^f} + nj;, 

rj = m/ + m^j + m^z\ y = \^ + m^T] + n^\;, 
X = n^x' + njj' + n^z\ z = \^ + m^i] + ngf, 

Therefore ^ - aj' ^1 + ,,' ^^ + £ ^^» 
meretore^^-a: ^^+y ^^+^^^ 

~^Vdt ^^'dt^^'dtJ^'^V^'dt ^"^'dt ^"^'dtj 

dL dL dL 



^( dL dL dL\ 
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But (Solid Geometry, Art. 44) we have 
h*+h^ +1^ =1...(1) m^n^ + ^Wgn^H- 7713^3 = 0... (4) 

w,* + w/ +< = l...(3) Zjm^ + Z,7», -f l^m^ =0...(6). 

Diflferentiating these equations we get 

and two similar relations from (2) and (3) ; and also 
dn. , dn^ . dn. [ dm. dm^ dm\ .>_. 

with two similar relations from (5) and (6). 

If we agree to denote the value of each side of the 

equation (7) by the symbol o),, and denote the corresponding 

dl, dL . dL , dm. , dm^ , dm. 
expressions n,^ + „,-« + „. -^, i^_i + ^^ _-. + ;,__», 

by the symbols w^, a>^, we shall obtain 



(8). 



and similarly ~ ^aJ^—aX 

The three quantities a>„ cd^, cd, evidently depend on the 
change of position of the axes fixed in the body, relatively to 
axes fixed in space, that is on the motion of the body 
considered as a whole. We shall be able presently to give 
them a more definite geometrical meaning. The equations 
(8) thus determine the velocity of each particle in terms of 
the general motion of the body. 

8. If u, V, w be the velocities of the point (a, )8, 7) 
parallel to the co-ordinate axes, the whole velocities of the 
point (a?, 3/, z) are obtained by adding w, v, w to the values of 

-^ , -^ , -^ respectively ; thus we have 
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^ = u + 0), (« - 7) - CO. (y - fi), 
-^ = v + CO, (a? - a) - CO. (« - 7), 

^ = w + (o.(y-^)-(o,(a:-a). 

The motion of every point of the body is therefore 
completely determined if u, v, w, <o^ co^, iw, be known. 

9. Returning now to the consideration and interpreta- 
tion of the equations (8) of Article 7, let us suppose a 
straight line through the point (a, )8, 7) of the body taken as 
origin, whose equations are 

^=^=^ (1). 

CO, COy CD, 

The square of the length of the perpendicular on this 
line from a point (f, 17, f) is (Solid Geometry, Art. 28,) 

(0/ + (Oy + CO," 

or if V represent the resultant velocity of the particle at 
(f , rj, g), and we represent co/ + co ' + co," by fl' the square of 

the perpendicular becomes -^^ . 

If we call this perpendicular jt?, we have therefore 

F=pn (2). 

Again the direction-cosines of the line of motion of the 

particle (^, 17, f) are proportional ^0 ~ , —^ -^ 

From equations (8) of Art. 7 we can deduce the two 
following relations : 

d^ . drf d? A 
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whence it follows that the line of motion of the particle (f, 17, f) 

is perpendicular to the line t ~ ? ^^^ ^^^ ^^ ^^ ^^^^ 

(1), and therefore is perpendicular to the plane containing 
them both, that is to the plane passing through the line 
(1) and the point (f, 77, f). 

Hence the instantaneous velocity of the point (f, 77, f) is 
exactly the saine as if it were moving i^ a circle whose radius 
is p with angular yelocity fl. 

The motion of the wl^ole body is tl;ier<efore a.t ^ny instant 
represented by a rotation round the line (1) with an angular 
velocity 11. 

It is perhaps unnecessary to remark that as w^, fi>^, cd, 
probably change from instant to instant, both the direction of 
the line (1) and the angular velocity round it change also. 

The line (1) Js C3.11ed the instantaneous a/xris through the 
point (a, /3, 7). 

10. If at any moment it happens that cOy and g>, both 
vanish, the instantaneous axis .coincides with the axis of x 
and the angular velocity round it becomes a>,. The values of 
the velocities of the particle (f, 77, f) parallel to the axes of 
X, y, z become in that case by eqivttipns (.8) .of Art. 7 
respectively 0, — (*>£ and (o^rj. The velocities produced by an 
angular velocity w^ round the axis of y woujd similarly be 
®y?> 0, — ei>yf pg^rallel to Ox^ Oy, Oz respectively ; and those 
produced by an angular velocity o), round the axis of z would 
similarly be — cm,^, o)^^, 0. 

Comparing these re3^1ts with equations (8) of Art. 7 we 
see that the actual velocities of the particje ape the alge- 
braical sum of those whic)i ivo]Lild be produced separately by 
the separate angular velocities <o^ ©y, o), round the three axes 
of X, y, and z, which may therefore be regarded as the resolved 
parts of O in the directions of those axes. 

• 

11. It will be evident from the results of the last 
Article that ©^ represents an angular velocity round the axis 
of X from Oy towards Ozy for, supposing ^, f to be positivCj, 
such a rotation will give a positive linear velocity of th6 par- 
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tide parallel to Ozy and a negative one parallel to Oy. Simi- 
larly a>y denotes a rotation round Oy from Oz to Ox, and ©, a 
rotation round Oz from One to Oy. All these rotations are 
estimated as positive when the couple which would tend to 
produce them would be positive according to the ordinary 
statical convention. 

If then we measure oflf on any line a length representing 
the magnitude of the angular velocity round that line, this 
length will completely represent the rotation in every respect, 
the axis of rotation, the velocity of rotation, and the sense in 
which the body rotates round that axis. 

12. The result obtained in Art. 10 can now be enunci- 
ated in the following manner. 

If there be simultaneously impressed on a body angular 
velocities represented by three straight lines mutually at 
right angles, the resultant motion is an angular velocity 
represented by that diagonal of the parallelepiped of which 
these three lines are edges, which passes through their point 
of intersection. 

13. The proposition of the last Article may be replaced 
by the following, which inay be called " the parallelogram of 
angular velocities" and may be enunciated thus : 

If two angular velocities represented by two straight 
lines be simultaneously impressed on a body, the resultant 
motion will be an angular velocity represented by the 
diagonal of the parallelogram of which those lines are adjacent 
sides. 

The following geometrical proof can be given : 

Let Ou4, OB represent the angular velocities, and let OC 
be the diagonal of the parallelogram OAGB, 

Let P be any point on the body, and let PQ be drawn 
perpendicular to the plane OA CB, to meet it in Q, From 
Q draw perpendiculars QH, QK, QL on OA, OB and OG. 
Join PB, PK, PL. These are perpendicular to OA, OB, 00 
respectively. 

Owing to the angular velocity OA, P has a linear velocity 
OA . PH in the plane PHQ perpendicular to PH, This may 
be resolved into velocities, OA.QH along PQ smd OA.PQ 
parallel to EQ, 
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Owing to the angular velocity OB, P has similarly linear 
velocities OB, QA" along QP and OB.PQ parallel to QK 

The whole velocity of P along QP is therefore represented 
by OB . QK— OA . QH which, by the same proof as that 
given in treatises on elementary Statics on the subject of 
moments, is equal to DC . QL. 




The velocities OA . PQ and OB.PQ along HQ, QK re- 
spectively are similarly replaceable by a single velocity 
OCPQ along Qi, since UQ, QL, QK contains the same 
angles as OA^ OC, OB. 

Hence the resultant velocity of P is OCPQ along QL 
and 00, QL, along QP which make up a single velocity 
00. PL perpendicular to PL in the plane PQL, that is the 
motion is an angular velocity represented by 00 m all 
respects. 

14. It follows that all the known results about the 
composition and resolution of forces or velocities apply 
equally to the composition and resolution of angular ve- 
locities. 

15. If the point [ol, fi, y) have velocities u, v, w parallel 
to the axes, the velocities of any particle of the body in these 
directions are by Art. 8 



W + co^q- wj^ 



(1). 
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It follows from the analogy of these formulae with those 
giving the moments of a system of forces round axes parallel 
to those of a?, y, z (Todhunter's Analytical Statics, Chapter 
VII.) that all the results relating to the central axis and 
other properties of the system of forces have their analogues 
in the present subject. 

For instance, if there be one point whose instantaneous 
velocity is zero there will be a straight line which is instan- 
taneously at rest. The condition for this is 

U(d^ + V(i)^ + W(o,= (2). 

In this case the motion is, for the instant, one of rotation 
round an axis whose equations are obtained by equating any 
two of the quantities in (1) to zero. 

Whether the condition (2) be fulfilled or no, the linear 
velocity of all points in the straight line given by the 
equations, 

^ + 6)y?— Q),^ __ ^ + ^z^ "" ^g? _ w + gy^T j — G)yf 
o>, " «^ ft). 

is in the direction of this line and i^ less than that of all points 
outside it. The linear velocity of al^ points oi^ the surface of 
a right circular cylinder of which this line is the axis and whose 
radius is c exceeds that of poinds on the axis by the same 
quantity, so that if the two velocities be v and v, 

16. Any number of simultaneous rotations round inter- 
secting axes can thus be replaced by a rotation round a single 
axis. Two simultaneous rotations round parallel axes will in 
general be equivalent to a rotation round a single axis parallel 
to them. The following geometrical proof may be given. 

The motion of each particle is evidently in a plane per" 
pendicular to the two axes. Let P be any particle, let the 
plane of the paper be the plane of motion and A, B the 
points in which the two axes of rotation cut this plane. Let 
a)j, ©2 be the angular velocities round these axes. Then the 
rotation round A produces in P a linear velocity AP, a>, per- 
pendicular to AP\ the rotation round B similarly produces 
a velocity BP . g), perpendicular to PB. If PN be drawn 
from P perpendicular on ABy these two velocities will give a 
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component (w, + ©,) . PN parallel to AB and cd^ . A N+ «, . BN 
pardilel to Piv. If we take a point C between A and B, such 
that AG .(o^=^BC.<ji>^ the latter component will be replaced 
by OiV. (q>j + o>,). Hence the resultant velocity of P is 
CP . (a)j + 6)j) perpendicular to CP, That is, the motion of P 
is exactly that which would be produced by an angular velocity 
(ft)j + o>J round an axis through C parallel to either of the 
original ones. 




If the two angular velocities be of opposite signs, the 
resultant angular velocity will be the diflference of the two 
original ones, and the point C will be in the straight line AB 
produced, at a point such that -4(7. 0)^ = BG . co^. 

17. If the two opposite angular velocities are equal, the 
linear velocity of P parallel to AB, which is expressed by 
(<», — coj) PN, vanishes. The linear velocity perpendicular to 
^^ is cDj . AN— cDj . BN or o), . AB, As this is the same for 
every particle, the motion of the body is in that case one of 
simple translation perpendicular to AB, 

We may again call attention to the analogy of these 
results with those with which the student is already familiar 
in Statics, angular velocities corresponding to forces, and ve- 
locities of translation to couples. 

18. The accelerations of any particle of the body parallel 
to the axes can be obtained by differentiating the expressions 
(1) of Art. 15 with respect to t and using the equations 
(8) of Art. 7. The acceleration parallel to Ox is thus 

du d^ day ^ drj dco. 



12 KINEMATICS. 

where ^ = w^f -4- eo^i; + »,? 

The accelerations parallel to Oy and Oz can be similarly 
deduced. 

19. We have now seen that the velocities and accelera- 
tions of every point of a rigid body can be determined if 
we know u, v, w, a>,, w^, o),. The determination of these six 
quantities, when the external forces which act on the different 
particles of the body are known, is the problem which we 
have to cope with in the remaining chapters of this book. 



EXAMPLES. CHAPTER L 

1. A body has angular velocities represented by co, — .2a>, 
3o) round the three co-ordinate axes ; find the resultant 
angular velocity. 

2. Show that an angular velocity (o round any axis may 
be replaced by an equal angular velocity round any parallel 
axis at a distance p from the former, together with a motion 
of translation, of magnitude pco, perpendicular to the plane 
containing the two axes. 

3. Explain what is meant by a couple of rotatory 
motion ; show that such is equivalent to a single motion of 
translation. Hence show that the motion of a rigid body 
may be represented in an infinite number of ways by rota- 
tions about two axes. 

4. Show that every motion of a rigid body can be 
represented by a rotation round some axis and a motion of 
translation along the same axis. 
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5. A lamina moves in its own plane so that a point fixed 
in it lies on a straight line fixed in the plane, and that a 
straight line fixed in it always passes through a point fixed 
in the plane; the distances from each point to each line 
being equal. Prove that the motion may be completely 
represented by a parabola fixed in the lamina rolling upon a 
parabola fixed in the plane. 

6. A straight rod moves in any manner in a plane; 
prove that, at any instant, the directions of motion of all its 
particles are tangents to a parabola. 

7. A cube has equal angular velocities imparted to it 
about three edges mutually at right angles which do not 
meet. Find the resultant velocity of its centre, and show 
whether the motion is capable of being represented by a 
single rotation. 

8. If the angular velocities, at any time <, about the 
axes of x^ y, z^ are proportional respectively to cot (m — n) ^, 
cot (n — Z) < and cot (Z — w) ty determine the locus of the 
instantaneous axia 

9. A rod moves with its extremities on two intersecting 
lines. Find the direction of motion of any point. If the two 
lines do not intersect but are at right angles to each other, 
examine whether the motion can be represented by a single 
rotation. 



CHAPTER II. 

d*alembert's principle. 

20. The second law of motion tells us that change of 
motion in a particle is proportional to, and is in the direction 
of, the impressed force. 

If a be the acceleration of a particle resolved in any 
direction, m the mass of the particle, and P the external 
force, measured in pounds or any other unit, acting on the 
particle in the same direction ; it only requires the units of 
mass and force to be properly chosen to give as the result of 
the second law of motion the equation 

ma = P. 

Writing this equation in the form 

P-wa =0 

if we agree to give to ma the name of " the moving, or effec- 
tive force" on the particle in the direction considered, we 
can express this result verbally in the statement that sup- 
posing a force equal and opposite to the " eflfective or moving 
force " were applied to the particle, this would form with the 
actual impressed forces, a system in equilibrium. 

21. The principle commonly known as D'Alembert's 
Principle extends this theorem to the case of any number of 
particles mutually acting and reacting, whether they form 
what is called a rigid body, a flexible or fluid mass, or a 
discontinuous system of particles. 

For any such system we have the law, that the whole set 
of external impressed forces acting on the body, with a set of 
fictitious forces equal to the several *' moving" or ** eflfective 
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forces " on the several particles of the system reversed, would 
form a system of forces in equilibrium. 

This statement is equivalent to the assumption which 
may be regarded as an extension of Newton's third law of 
motion, that all the mutual actions and reactions between 
the particles of the body form a system in equilibrium. 

For let P be the resultant external force acting on any 
particle, R the resultant of all the actions of the other 
particles on this one ; m its mass and a its resultant accelera- 
tion. Then the resultant of P and R is mx, or P, R and 
— ma will be in equilibrium. This being true for each 
particle, the whole set of forces P, the whole set of forces R, 
and the whole set of reversed effective forces are in equi- 
librium. If then the set of forces R be separately in 
equilibrium, it follows that the set of forces P would be 
in equilibrium with the set of all the counter-efifective, or 
effective forces. 

22. The student must bear in mind that the reversed, or 
counter-effective forces are not actually existent but merely 
hypothetical quantities which, if introduced, would produce 
equilibrium. Thus every problem of motion is reduced to one 
of equilibrium between actual and hypothetical forces. 

23. We are now able to write down the equations of 
motion of any system of particles, provided we know the 
forces which act on each of them. 

Let X, y, z be the co-ordinates of any particle of mass m ; 

the effective forces on this particle parallel to the axes of 

^x d?y (Pz ^. , 

X, j/y z are m -^ , m -^ , m -r^ respectively. 

Consequently, if mX, m Y, mZ represent the components 
ef the external force acting on the same particle in the same 
directions, the system of forces 

acting at {x. y, z) ; and similar forces acting on the other 
particles of the body form a system in equilibrium. 

The six conditions for this are (Todhunter's Analytical 
Statics, Art. 73), 
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i«(x- J)-o, j»(r- J»).o; S»(z-g).o, 
x™{(z-S),-(r-g)4-«. 
.»{(x-S).-(.-S).).o, 

^"•{(-:S)'-(^-S)^}-». 

where the symbol X indicates summation for all the different 
particles of the body considered, and will therefore in the 
case of a continuous body represent a process of integration. 

These equations can be written 

where i, M, N represent the moments of the impressed 
external forces round the axes of Xy y, and z respectively. 

24. The solution of these equations can only be at- 
tempted when the accelerations of the separate particles 
have been expressed in terms of the six quantities by which 
we have seen that the motion of the body as a whole is 
determined. We will however deduce from them in their 
present shape two very important laws. 

(1) The equations which give the motion of the centre of 
inertia of any body or system of bodies are the same as if the 
whole mass considered were collected at the centre of inertia 
and axited on there by forces eqv/al and parallel to all those 
which act on the system. 

(2) ITie equations which give the motion of a rigid body 
relative to its centre of inertia are the same as if the latter 
were a fixed point. 

25. In order to prove the above principles let us suppose 
X, y, '2 to be the co-ordinates of the centre of inertia of the 
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body under consideration. Let x, y\ z be the co-ordinates 
of the particle (a;, y, • z) relative to axes through {x, y, z) 
parallel to the original ax^, 

hence x = x + x, y = jr+y, z = z + /, 

and ^mx =s 2wwc + Xmaf^ 

= X . Xm + Smx\ 

But x% (m) = SwP by a well-knowu statical theorem, 
therefore Xma^ == 0. 

Similarly 2my' = 0, Xmz' = 0. 



Also 

whence 

similarly 

and 



- cPx cPx ^ ^ cPx' ^ 



(3). , 



cPx 



. 2wi =^ Swi J, 






. 2^ = 2wi-2^ 



w. 



which prove the first principle. 

Also the first of equations (2) of Art. 23 becomes 

which by means of the results in (3) and (4) easily gives 

XmL'^-z'^ = tm(i,'Z-j^Y) (5), 

and this with two similar equations deduced from the other 
two of (2) in Art. 23 gives the second principle. 

26. It follows from equations (4) of the last Article that 
if a system of particles be acted on only by their mutual 
actions and reactions, the centre of inertia of the system 
either is at rest or moves uniformly in ^ straight line. 

A. D. 2 



18 

For in tfak caw ZaiX=0, ^» r=a. ljmZ=iK 



dierefote d^'^^' ~a^~^ ^~^ 

where a, b, c are oonstants. Hence the Telodtr of the centre 
of inertia in ccmstant both in directioo and magnitode. 

27. In the case of finite forces the equations (1) and (2) 
of Art. 23 cannot be integrated directly. 

If however the forces acting be enormoosly great but 
only act for an exceedingly short interval r, so that the 
values of x, y, z may be supposed to remain sensibly un- 
altered during the time r, we can integrate with respect to i 
during that interval This is the case ordinarily known as 
that of impulsive forces. 

» 

28. If mX be the force acting on any particle of mass m 

for the interval t, we give to the quantity I mXdX the 

name of impulse. It really represents the whole momentum 
which would be produced in a free mass m by the force X 
acting for an interval r. We shall denote this by the symbol 

X\ and similarly f mTdt, I mZdt will be denoted by the 

symbols Y^Z'. ^ ^ 

liOt u, v^w he the velocities of the particle (x, y, z) 
)mr&Hol to the axes at the beginning of the time r ; u\ v\ w' 
tho values of the same quantities at the end of that 
interval* 



Thorofbro I ^ dt^u'-u, 
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"Whence tLe equations (1) and (2) when integrated give 

tm [z (tt'^ tO -xiv/^w')] = t {X'z ^Zx)\ .. ;(1). 

If u, Vy W] t?, V , vfy be the velocities of the centre 
of inertia before and after the impulses, we easily get from 
(8) of Art. 25 

i^' — u) 2 (m) =2 {m (U' — w)}, 

whence (ir--t*)2m«2X, (t;'^t;)2m = 2F, 

{vf-v))tm^XZ' (2). 

29. We may notice that, whereas in the case of finite 
forces such as gravity, the symbol 2 on the right-hand side 
of the equations usually denotes a summation of an indefi- 
nite number of indefinitely small terms, in other words an 
integration, in the case of impulsive forces there is usually 
only a small number of impulses at definite points to be 
considered. 

We may farther notice that all finite forces may be left 
out of consideration in calculating the effect of the impulsive 

Pdt will be indefinitely small unless P is 

indefinitely large, the supposition being that r is indefinitely 
smalL 



EXAMPLES. CHAPTER II. 

1. Apply D'Alembert's Principle to the solution of the 
following problems. 

(a) A heavy chain, flexible and inextensible, homo- 
geneous and smooth, hangs over a small pulley at the common 
vertex of two smooth inclined planes; it is required to deter- 
mine the motion of the chain. 

2—2 
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(/S) A straight tube of small bore revolves uniformly 
in a horizontal plane about a point at a distance (c) from it, 
and has a smooth chain of length 2a within it, with its 
middle point initially at rest at the shortest distance from the 
point. Prove that the space described along the tube in time 
tia 

and that the tension at any point of the chain is constant 
throughout the motion. 

(7) A smooth cycloidal tube whose axis is vertical ajad 
vertex upwards contains a chain equal to it in length; if the 
equilibrium of the chain be disturbed, determine the velocity 
of it in any position, 

2. A person standing on perfectly smooth ice falls. His 
feet are observed to come rapidly forward. In what direction 
will his head move ? 

3. What is the eflfect of the backwards and forwards 
motion of the rowers in a boat respectively ? Explain how it 
is that by bending rapidly forwards and then slowly backwards 
without dipping the oars a slight forward motion may be 
given to the boat 

4. A rod of length 2a is suspended frpm a fixed point by 
a string of length I attached to one end; iS the string and rod 
revolve about the vertical with uniform angular velocity, 
their inclinations to the vertical being 6 and ^ respectively, 
prove that 

3? _ (4 tan — 5 tan <f)) sin ^ 

a (tan <(> — tan 0)am0 \ 
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ON MOMENTS AND PRODUCTS OF INERTIA, 

30. We have now obtained equations which completely 
determine the motion of a rigid body under the action of 
any forces. It remains to exhibit the methods of solving 
these equations in different cases. 

The most simple case of motion conceivable, if we except 
that of parallel and equal translation of all the particles 
of the body, the solution of which only entails by Art. 25, the 
discussion of the motion of their centre of inertia, is that of 
rotation round a fixed axis. 

If we take this axis as axis of z^ and if 6> be the angular 
velocity round it at any instant, we have for the velocities of 
any particle (a?, y, z) parallel to the co-ordinate axes 

— yck), ajft), 

respectively ((8), Art. 7, or see Art. 2). 

The accelerations in the same directions respectively can 
be obtained by differentiating these velocities with respect to iy. 
and are therefore 

dto dv dfo dx ^ 

dsj dii 
or, substituting the above values for -^ and -4-. , 

d^b a ^^ t r\ 

If these values be substituted for -^ , -^, ^ , 



,(1). 
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in equations (2) of Art. (23), we obtain 

The quantities a and -7- are the same for all the particles 

of the body and maybe taken outside the sign of summation. 
We see that in this case it is necessary, before proceeding to 
the actual solution of the dynamical problem, to ascertain the 
values of the quantities %m {a? + y*), %myz, %mzx. 

In other problems we shall meet with the similar quan- 
tities %mxy, 2m (y" 4- -e^), Sm («' + a?), and the values of 
these six sums must be known in order to enable us to de- 
termine completely the motion of the body. 

31. The three quantities, 

Sm(y* + 0» S^ («* + A Sm (a^ + J^, 

are called the momenta of inertia of the body round the axes 
of a?, y and z respectively. 

The three quantities ^myz, ^mzx, ^mxy are called the 
products of inertia with respect to the same axes. 

The quantities Xm^, Smy*, ^mz^ are sometimes called the 
moments of inertia of the body with respect to the planes of 
yz, zx, and xy respectively. 

The moment of inertia of a body round any axis may be 
defined as the sum of the products of the mass of each 
particle of the body into the square of the distance of 
that particle from the axis. 

The moment of inertia of a body with respect to any 
plane is the sum of the products of the mass of each particle 
into the square of its distance from that plane. 
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32. The momeate of inertia of a given body round any 
two parallel axes or with* respect to any two parallel planes 
are connected by a simple relation. 

Let X, y, z be the co-ordinates of the particle of mass m 
with respect to the original axes. Let x^ y, z be the 
co-ordinates of Q the centre of inertia of the whole mass, and 
^ y y\ ^ the co-ordinates of r» with reference to axes through 
G parallel to the original axes. 

Then x==X'\-a:\y^y'{-y',z = Z'\'Z, 

Therefore tm{f+i^ ^Xm(y + y'f + 2w (^ + zj 

= (^ + ?) 2m + iy tmy' + 2^ 2m/+ %m (y"+«'*) 

since 2my = 0, Swi/ = by the properties of the centre 
of inertia. 

That is, the moment of inertia about the axis of z is equal 
to the moment of inertia about a parallel axis through 
the centre of inertia added to the product of the whole mass 
into the square of the distance between the two axes. 

Similarly we find that 

2ma?' =^*.2m +27wa:'*, 
2my« =yz,Xm-\-%myz\ 

33. If therefore the moments and products of inertia of a 
body with reference to any axes through its centre of inertia 
be known, those with reference to any parallel axes can 
be determined. 

34. If - =s — = - (1) be the equations of any straight line 

\ fJL V 

through the origin, the square of the perpendicular from the 
point {Xy y, z) on this line is known to be equal to 

which, i{ \fi,v be assumed to be the direction-cosines of (1) 

so that \' + /A* + i/* = 1, can be written 

\''{2/' + ^)+M'^{^ + a?) + v\a? + y')-2fAvyz-2v\zx-2X/jia>y. 
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Hence, if / denote the moment of inertia of the body 
about the line (1)^ 

J = X' Sw (l/' + ^+fi* Xm {z^ + x^+ v^tm (a^H- y*) 

— 2fip l,inyz — 2i/K Xmzx — 2X/a Xmxy 

^AX^ + BfjL^^ Cv*--2A'fiv-2B'v\''2Cr\fi (2), 

if A, By C be the moments of inertia and A\ B", (7 the 
products of inertia of the body with reference to the axes of 
co-ordinates. 

35. The expression for I is susceptible of a very simple 
geometrical interpretation. Let the quadric whose equation 

is Aa? + Bf+ C^ - 2A'yz - 2Bzx - 2 Cxy = e\ . .(3) 

be constructed. Then, if r be the central radius of this 
quadric in the direction of the line (1) of the last Article, 

{A\'' + BfJ'+ (7i/»-2^>~2BVX-2(7V)»-'=e*, 
therefore J=-5-. 

T 

That is the moment of inertia of the body round any axis 
through the origin is inversely proportional to the square of 
the radius of (3) in the direction of that axis. 

Since the mopaent of inertia round every axis must be a 
positive quantity it follows that r* can never become negative 
or infinite. Hence the quadric (3) must be an ellipsoid. It 
is usually called the momental ellipsoid of the body with 
reference to the given origin* 

36. We know (Solid Geometry, Arts. 51, 85), that the 
equation of the quadric can be reduced by transformation of 
co-ordinates so as to assume the form 

Pal'+Qy' + Rz'^e' (4), 

where P, Q, R are the roots of the cubic equation 

+ 2^'£'0' = (5). 

If the equation of the momental ellipsoid were originaUy 
calculated with reference to these new axes, the coefficients 
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of cfy jf* and e* would have befen the moments of inertia round 
the axes of x, y, z^ and the coefficients of yz^ zx^ xy would be 
the products of inertia with reference to the same axes. 

Hence the new set of axes hav6 this property, that the 
products of inertia of the body with reference to them, all 
vanish: and we see that at every point of a body there must 
be a set of axes for which this condition is satisfied. 

These axes are called the principdl dxes of the body at 
the given point. Their directions can be determined by 
equations (3) of Art. 83 of the author's Solid Geometry, merely 
altering the signs of A^i By and (7. The moments of inertia 
round these axes, which are called the principal moments of 
inertia for the origili, are the toots of equdtiort (5) glbove. 

If the values of P, Q, -B be equal, the momental ellipsoid 
becomes a sphere. Hence since the form of its equation is 
unaltered by any rotation of* the axes, sill dxes through the 
given point dfe principal axes, and the products of inertia 
will vanish with respect to any such axes whatever. 

37. If P, Q, jB be the principal mdments of infertia of 
the body at the centre of inertia, the moments atid products 
of inertia with reference to parallel axes through any point 
(cr, fi, 7) will be by Art. 32, 

M^y, Mya, Mafi, 

where M denotes what we have previously denoted by 2m, 
the mass of the whole body considered. The x, y, z of Art. 
32 are replaced by — a, — )8, — 7 respectively. 

Hence the equation 6{ the momental ellipsoid for the 
point (a, )8, 7) is 

{P+M(^ + rf)]a?+{Q + M{y' + a')}y'-f-{R + M{a' + l3^]z' 

- 2Mfiyyz - 2My2ZX - 2Mafixy = e* (6). 

Hence the new axes are not principal axes at the new 
origin unless two of the three quantities a, /8, 7 vanish. 
The directions of the principal axes of (6) can however b^ 
ascertained by the ordin'ary methods of Solid Geometry. 
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38. A given set of co-ordinate axes will only be the 
principal axes at the origin when all three of the quantities 
%myz^ XmjzXy %mocy vanish. If however two of these quanti- 
ties, as XmyZy Xmzx, vanish, one of the co-ordinate axes, in 
this case that of z, will be a principal axis. For the equation 
of the momental ellipsoid becomes 

Aa?^rBf^G^-^Cayy^^\ 

and by turning the axes of ^, y through an angle 6 de- 
termined from the equation 

2(7 

tan 2tf = -i Ti , 

A "B 

the term involving ^y can be made to disappear and the equa- 
tion reduced to the form 

From this it is obvious that if any plane divide the body 
symmetrically, any line perpendicular to this plane is a 
principal axis at the point where it cuts the plane. For if 
the origin be transferred to this point and the plane be taken 
as plane of a:y, for every particle m with co-ordinates a?, y, z 
there is an equal particle m with co-ordinates a?, y, —z. 
Hence Xnizx and %myz both vanish. 

39. It is easy to deduce the condition that a given line 
may be a principal axis at some point of its length. 

Take the given line as axis of z and let the origin be 
transferred to a distance h along it. The values of the 
products of inertia with reference to the new origin are 

2my {z — A), 2m {z — h) x, Xmxy. 

K the axis of ;? be a principal axis at the new origin, the 
former two of these must vanish, 

therefore Xmyz = hXmy, ^mzx = KZmx, 

= liy%m ^h^^m, 

i£x,yhe co-ordinates of the centre of inertia. 

Hence no value of h will satisfy these conditions unless 

'Siinyz __ ^mzx 
y ~ X ' 
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It is evident that if ^, ^ both vanish and Xmyz, Xmex 
vanish also, the required conditions are satisfied by all values 
of h. Hence a line through the centre of inertia which is a 
principal axis at any one point is a principal axis at all points 
through which it passes. This result can also be deduced 
from equation (6) of Art. 37. 

40. We have frequently to calculate the moments of 
inertia of bodies in the form of a plane lamina. If the plane 
of the lamina be taken as plane of xtf, since the value of js 
will be zero for every point of the lamina, ^myz and ^rmx 
will vanish. Hence one principal axis is always at right 
angles to the plane of the lamina. 

If ^, jS be the moments of inertia about any two axes at 
right angles in the plane, and C that about the axis perpen- 
dicular to it, 

whence C = A + B. 

41. We have now to determine the moments of inertia 
in a few simple cases. 

A uniform straight rod about an axis through its extre- 
mity perpendicular to its length. 

Let AB be the rod whose length is a and mass is M, fi 
the mass of a unit of length, FQ any element of the rod, 

* -Tq " 

AP^Xy PQ = Sx. Then the moment of inertia of the rod 
about any axis through A perpendicular to AB 

= 2 {fiBx . a^} 



I fjkx^dx 





1 a* 

= g^a» = Jf.-g. 

This will also give the moment of inertia of a rod of 
mass if and length 2a, about an axis through its middle point 
perpendicular to its length. 
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42. A rectangle about one side. 

Let ABCD be the rectangle whose length AB is a. If 
we divide the rectangle into an indefinitely large number of 
indefinitely small strips parallel to A By the moment of inertia 
of each strip round AD will be equal to the mass of the strip 

2 

multiplied by -^ . Hence if M be the mass of the whole 
rectangle, the moment of inertia of the rectangle = Jf . -« • 




If AD = 5, the moment of inertia of the rectangle round 
AB is similarly = Jf. -5-. 

Hence by Art. 40 the moment of inertia of the rectangle 
about an axis through A perpendicular to the plane 



43. The moment of inertia of a rectangular parallelepiped 

a* + 6* 
whose edges are a, J, c round the edge c is if . — -^ — . Forj 

the parallelepiped can be divided into any number of thin 
strips by planes perpendicular to c, the moment of inertia of 
each of which round c is, by the last Article, equal to its 

mass X — 2; — . 



44. The moment of inertia of a circular ring whose 
radius is a, round an axis through its centre perpendicular to 
its plane is evidently M . a*. Hence, since the moments of 
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inertia round all diameters must be the same, by Art. 40 it 
follows that the moment of inertia about a diameter is half 

the above, or Jf • ^ . 

45. A circular area of radius a can be divided into a 
number of concentric rings. The area of one of these may be 
taken as 27rrSr, and if /Lt be the mass of a unit of area, the 
moment of inertia of this ring round an axis through the 
centre perpendicular to its plane is 2*irfirSr . f^. Hence the 
moment of inertia of the circular plate 



^Zirfjkj 



r*dr 





where Jf is the mass of the plate. 

Hence as in Art. 44 the moment of inertia about a 
diameter is half the above, or M. 



a» 



4* 

46. A triangular area about its base. 




By dividing the area into strips parallel to the base it is 
easily seen that the moment of inertia 
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where h is the altitude, c the base of the triangle, and z the 
distance of any strip from the base. This equals 




The moment of inertia of ABG round any line through 
Ay as AFy is similarly -^fji.AF^h'^ + A"), where h and K are 
the perpendiculars from G and B on AF. 

But this ==^fiAF(h + h')[h'^hh' + h'^ 

This result is the same as the moment of inertia round 

M 
AF of three equal particles each of mass -^ , placed at the 

o 

middle points of -4(7, AB and BC respectively. 

Since the centre of inertia of these particles coincides 
with that of the triangle and the sum of their masses is the 
same as that of the triangle, it follows by Art. 32 that the 
moments of inertia of the two systems round any axis parallel 
to AF, that is round any axis lying in the plane of the tri- 
angle, are equal. By Arts. 40 and 34 it follows that the result 
is true for any axis whatever, and farther that the products of 
inertia of the two systems with respect to all axes are equal 

47. The moment of inertia of a sphere about a diameter 
can be determined by dividing the sphere into slices by 
planes perpendicular to the diameter. The moment of inertia 
of one of these slices round the required axis by Art. 45 
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= fiTT (a* — x^) dx — ^ — > where a is the radius of the sphere, 

X the distance of the slice from the centre, and fi the mass of 
a unit of volume. Hence the whole moment of inertia 
required 



= i/t7rj' (a'-x«/ 



dx 

" 15 "^-T* 

48. The moment of inertia of a spherical shell round a 
diameter can be obtained independently by integration. It 
may also be obtained from the formula of the last Article. 

Q 5 

The moment of inertia of a sphere of radius a = \.^ ., 

that of a sphere of radius a + Sa round the same diameter 
will be — — Y^ . The diflference of these, which neg- 
lecting squares and higher powers of Ba is ^ — , will 

be the moment of inertia of the shell of thickness Sa. Since 
the mass of the shell is 4/A7ra'Sa, this result can be expressed in 

the form M. -^ . 

49. The foregoing examples are sufficient to indicate 
the method of calculating moments of inertia. Products of 
inertia can be similarly calculated, but their determination 
will usually involve a double integration. Inasmuch however 
as whenever it is possible we employ principal axes we do not 
very frequently have occasion for the values of the products of 
inertia. 

50. We may notice that in all cases the moment of 
inertia has been expressed in the form MI(?y that is,' as 
the product of two factors, one being the whole mass and the 
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other an expression of two dimensions. The square root of 
the second factor, or k, is called the radiiLS of gyration of the 
body about the given axis. It is in fact the distance from the 
axis of a particle whose mass and moment of iuertia round 
the axis are equal to those of the given body. 
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1. Find the product of inertia of a uniform right-angled 
triangle about the two sides containing the right angle. 

2. Find the moments of inertia of a uniform ellipse (1) 
about either of its axes : (2) about a line through its centre 
perpendicular to its plane. 

3. Shew that the moment of inertia of the lemniscate 
r* = a'cos2^ about a line in its plane, through its node 
and perpendicular to its axis is 

j^ 37r + 8 , , 
48 • 

4. Find the moments of inertia 

(1) Of a portion of the arc of an equiangular spiral 
about a line through its pole perpendicular to its plane. 

(2) Of a parabolic area bounded by the latus rectum 
about the line joining its vertex to the extremity of its latus 
rectum. 

(3) Of a uniform ellipsoid about a principal axis. 

5. Shew that the moment of inertia of a regular polygonal 
lamina about an axis in its plane through its centre is 

a being the length of a side. 

€. The momental ellipse for a uniform triangular lamina 
is similar and similarly situated to the minimum ellipse 
circumscribed about th^ lamina. 
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7. Find the moment of inertia of a right circular cone 
whose height is h and semi-vertical angle a, (1) about its axis ; 

(2) about a line through its vertex perpendicular to the axis ; 

(3) about a slant side. 

8. Find the moment of inertia of a right circular cone 
about a generating line, the density of any circular section 
varying as its distance from the vertex. 

9. The axes of an ellipsoid are 2a, 25, 2o, its density at a 
point whose distances from the principal planes are Xy y, z is 

xyz 

abc* 

find its moment of inertia about one of the principal axes. 

10. Find the moment of inertia of the area of the curve 
r = a (1 H-cos 6) about the initial line. 

11. Find the moment of inertia of the solid 

(«' + y' + -3*-cw?)» = a*(a?* + y' + -2*) 
about the axis of x. 

Find also the moment of inertia of the surface of this 
solid about the same axis. 

12. Shew that the moment of inertia of a triangular 
lamina with respect to any plane is the same as that of three 
equal particles, each one- third the mass of the triangle, 
placed at the middle points of the sides, with respect to the 
same plane. 

13. Shew that the moment of inertia of a uniform 
tetrahedron with respect to any plane through one of 
its angular points^ is the same as that of a system of 
five particles, one placed at each angular point of the tetra- 
hedron, each of mass one- twentieth that of the tetrahedron, 
and one of four-fifths the mass of the tetrahedron placed at 
its centre of inertia, with respect to the same plane. 

14. Prove that the result of the last question holds with 
respect to the moments and products of inertia of the tetra- 
hedron with respect to all axes whatever. 

A. D. 3 
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15. If any edge of a uniform tetrahedron be a principal 
axis, so also is the opposite edge, and the point on either 
edge at which it is a principal axis will divide the distance 
between the middle point and the foot of the shortest 
distance between the edges in the ratio 3 : 2. 

16. . If Jf be the mass of a tetrahedron, Q^ its moment of ' 

inertia about any axis through its centre of gravity, Q^ that of 

the octahedron formed by joining the middle points of 

8 
its edges, prove that Qi = = Q^ + the moment of inertia of a 

system of four particles, each of mass ^ , placed one at each 
vertex. 

17. Find the principal axes of a right cone, a point on 
the circumference of the base being the origin ; and shew that 
one of them will pass through the centre of gravity if 
the angle of the cone be 2 tan"*^. 

18. Shew that two of the principal moments of inertia 
with respect to a point in a rigid body cannot be equal unless 
two we equal with respect to the centre of gravity, and 
the point situated on the axis of unequal moment. 

19. If the principal axes at the centre of gravity be 
taken as the axes of co-ordinates, shew that the locus 
of points at which the sum of the squares of the three 
principal moments of inertia = K* is the surface 

2 

20. On a straight cylindrical rod of known length, 
circular in section and uniform in density, are three anchor 
rings, -4, B, C, diflferent in mass and closely fitted to the rod. 
The position of A being unaltered, prove that the order 
of the rings may be changed to A, (7, 5 so as not to affect the 
centre of gravity of the system of rings and rod, nor the 
principal moments of inertia of the system at its centre 
of gravity, nor the distance between B and C. 
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21. Find the product of inertia of the eighth part of an 
ellipsoid, cut off by the principal planes, with respect to the 
axes of X and y. 

22. If a body be referred to principal axes through 
its centre of gravity, and Jfa', MVy Mc* be the moments 
of inertia with respect to them, shew that the moments 
of inertia with respect to principal axes at a point (a, 0, y) will 
be given by Jf (r* -f a' + )8* + 7'), where r' is given by 
the cubic 
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CHAPTER IV. 



MOTION BOUND A FIXED AXIS. 

61. The motion of a body may be absolutely free, or it 
may be restricted by having one point fixed, or two points 
fixed. If three points be fixed, the body must be at rest. 
We shall first consider the motion when two points are fixed. 
It is evident that the motion is one of rotation about the line 
joining these two points. 

52. Let us take one of the fixed points as origin and the 
straight line joining them as axis of «, and let the distance 
between them be c. We may assume that the fixed points 
exercise pressures on the body whose resolved parts parallel 
to the co-ordinate axes at any instant are respectively F^ G, H\ 
I", Q\ H\ As in Ai*t. 30, we have for the values of 

df' 'df df* 

d(o Q dco a ^ 

to write "" y 7^^ ~ ^® ' ^ ITt " ^ * 

respectively. 

With these substitutions the equations (1) and (2) of Art.. 
23 become 

-2my.^-2nM;.(»* = STOX + ^+i?" (1) 

1mx~-tmy.<o*:^XmY^a-^-Q' (2) 

O'^-ZmZ+H + E (3) 
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— Sin^fa? . -^ + Smy^fo)* = 2m {Zy— Yz)^ffc ...(4) 

— Xmyz . -J- — Sm^aro)* = 2m(Z^ — Zx) + Fc ... (5) 

SmCa^'+y'). J = 2m(r^-Xy) (6) 

where the symbol 2 on the right-hand side indicates a sum- 
mation with respect to all the other external forces acting 
on the body beside the restraint of the axis. 

Equation (6) is sufficient to determine o), if 2m {Yx — Xy) 
be given; equations (1) and (5) will then determine F 
and F\ and equations (2) and (4) will give O and G'. 
Equation (3) gives us iS" + H\ the separate values of H and H* 
being indeterminate, an obvious consequence of the principle 
of the transmissibility of force. 

53. The most important particular case is that of 
dotation about a horizontal axis under the action of gravity. 

We may take the axis of x to be vertical, and x^ y, z 
as the co-ordinates of the centre of inertia of the body. If 
. be the angle which the plane containing the centre of inertia 
And the axis of z makes with the plane of zx. 

Also X — gy Y= 0, Z = 0, if g be the force of gravity per 
unit of mass. Let M be the whole mass of the body. 

The six equations of the last article become 



or 
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cPd 
tm {a? + y^) -^='-Mgy. 

54. Let h be the distance of the centre of inertia from 
the axis of rotation, and k the radius of gyration (Art. 50) 
round an axis through the centre of inertia parallel to 
this line, the moment of inertia about the axis of z, or 
2m {a? + y"), is therefore Mk^ + Mh^ (Art. 32). Also j^ = A sin 6, 

The last equation of Art. 52 becomes 

M{h^-Yl^)^=.^Mgh^me, 

d^O ah . y. /-v 

w=-^-''''^ (^^- 

This is the equation which determines the motion of <k 

h^+k^ 
Jieavy particle suspended by a string of length — j — . This 

latter quantity is often called the length of the simple equivalent 
pendulum. The time of a small oscillation of such a pendulum 
of length I is shown in treatises on Dynamics of a particle 

to be 27r a/ - , or in this case 27r a/ — j— , 
By integrating (1) we easily obtain 

D'-^^x^*.--* •«• 

where is a constant to be determined from the initial 
circumstances of the motion. 

From (1) and (2) we can substitute the values of ^ and 

(d0\^ 
-^J in the equations of the last Article, and obtain the 

values of F, F\ G, 0\ H+H\ 



i 
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55. If the origin be taken as the point where the 
perpendicular from the centre of inertia meets the axis of 
rotation, z = 0. If also the axis of rotation be a principal 
axis at this point, 'Imyz = 0, Xmzx = 0. This will be the 
case (Art. 38) if the plane through the centre of inertia 
perpendicular to the axis divides the body symmetrically. 

The equations of Art. 53 then give jF" = 0, (?' = 0, 
-F^Mg + Mhcos0(^)\Mhaind^ 

-(? = JfAsin^(^^'- JfAcos^^ 

= MCh sin + * ' ,a sin cos 0, 

whence — F and — G which represent the resolved pressures 
of the body on the axis are known. The whole pressure is of 

course JF^0\ 

56. In the case we have now assumed let be the 
origin, G the centre of inertia, and OG consequently perpen- 
dicular to the axis of rotation. Produce OG to 0' so that 



o G o' 



Off is the length of the simple equivalent pendulum. The 
point 0' is called the centre of oscillation. A heavy particle 
placed at 0' and connected with by a weightless wire 
would oscillate round just as the body does. 

A' + A?* 
We have then Off = — j — 

= * + !■ 

whence 0(y -h or (ya=^ 



00' 

or oo.ao^'i^. 
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This relation is perfectly symmetrical with respect to 
and 0'. Hence if the body be suspended from 0', will be 
the centre of oscillation, and the times of oscillation will be 
the isame whether the body be suspended from or 0\ 

57. This property of the convertibility of the centres of 
suspension and oscillation is used to determine the length of 
the simple pendulum which will oscillate in a given time. 




A heavy and tolerably uniform bar of metal is pierced 
with two holes, A and B, chosen so that they shall be as 
nearly as possible centres of suspension and oscillation to one 
ano,ther. (7, C, are heavy screws, by moving which in or 
out the centre of inertia of the body, and its moment of 
inertia round an axis through that point can be slightly 
altered. 

The bar is then suspended so that the upper end of the 
hole A rests on a knife-edge support, and being made to 
oscillate, the time of oscillation is compared with that of the 
pendulum of a clock beating in a known time. The time of 
oscillation when suspended from B is then similarly observed. 
If these two times are identical, the measurement of AB 
gives the length of the simple pendulum oscillating in that 
time. If the times are different, a suitable adjustment of 
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the screws C, C, will bring them gradually nearer, until 
finally, when they coincide, AB can be measured. When the 
length of the simple pendulum for any one time is determined, 
that for any other time, as for instance a second, can be 
determined by a proportion. 

58. The time of oscillation requires to be observed 
with .very great accuracy. For this purpose it is desirable 
that the pendulum AB should oscillate nearly in the same 
time as the clock pendulum. The latter is made to swing 
just in front of, or just behind AB, so that the clock pendulum 
and a certain mark attached to AB can be both seen through 
a telescope suitably placed when at the lowest point of theit 
swing. If they pass the lowest point together in one oscilla- 
tion, supposing the clock pendulum to go the faster, the next 
time the latter will pass a little before AB, and the next 
time it will be still more in advance. Presently, after n 
oscillations oi AB the clock pendulum will very nearly have 

gained a whole oscillation, and after n + 1 of AB will have 
gained rather more than a whole oscillation, the 9ith and 

n-hlth passages of AB being those which most nearly 
coincide with passages of the clock pendulum. The ratio of 
the time of oscillation of -45 to that of the clock will thus 
be between n + \ : n and n + 2 : w + 1 . If a very large num- 
ber of oscillations be made and the nearest coincidences 
noted, we can thus get as close an approximation as we wish 
to the accurate time of oscillation of AB, 

59. If a body rotating about a fixed axis be acted on by 
sudden impulses, the new angular velocity round the axis 
and the impulsive strains on the axis can be obtained from 
the equations of Art. 28. If 6>, to be the angular velocities 
before and after the impulsive action, still taking Oz as the 
axis of rotation, we have as before 

w = — y(Oy V = xco, w = 0; w' = — yoo', v = a?©', w = 0. 

If, farther, we take F^, G^, H^ ; F^\ (r/, If/ to represent 
the impulses exerted on the body by the axis at two points, 
one of which is the. origin and the other is at a distance c 
from it ; and the symbol X denote summation with regard 
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to all other impulses acting on the body : the equations of 
Art. 28 become 

- (a>' - 0)) Xmzx = 2(Z'y - Y'z) ~ G/c, 

- {©' - G)) tmyz = 2(Z'i5 - Z'x) + F^c, 

These equations determine o' — ©, i^^, i^/, G^, (?/, fT^ + if/. 

60. The most interesting case is when only one external 
impulse X\ Y\ Z* affects the body, applied at a point 
(f> ^» ?)• I^ *l^is case it is sometimes possible to apply 
the impulse without producing any impulsive pressure 
on the axis of rotation. The point at which the single 
impulsive force must be applied is called the centre of 
percussion ; more strictly speaking, the line of action of this 
force ought to be called the line of percussion, since in a 
really rigid body it is clearly a matter of indifference at what 
point in its line of action the blow is given. 

61. The conditions for the existence of a centre of 
percussion can be easily discovered. 

Assuming that i^, F[, (?„ (?/, fl*,, H^ all vanish, the 
equations of the last Article give us 

— (o' — ©) ^mzx = Z'ri — r' Ji 

— My {<o — o) = X\ 

= Z'. 

X' Y' Z* 
From the last three equations we have -^i = ^r = -77- • 

^ —y X 

Hence the direction of the impulse is perpendicular to 
the plane containing the centre of inertia and the axis of 
rotation, the equation of this plane being 
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Putting Z' =^0 the first equation gives us 

(©' — (o) Xmzx = F'f = (o)' — (o) 2ma:f, 
therefore 2m (-^ — f ) » = 0, 

similarly 2w {z — ^)y = 0. 

From these two equations it follows (Art. 38) that the 
axis of rotation must be a principal axis at a point at a 
height f above the plane of a?y, that is, at the point where a 
plane through the line of action of the impulsive force 
parallel to the plane of icy cuts the axis of rotation. 

The third equation gives us 

therefore I(^ = x^ + y7j= pr, 

where r is the distance of the centre of inertia from the axis 

of rotation = Js? -f y^, and p is the perpendicular distance 
between the axis of rotation and the line of action ^of the 
impulsive force. For the equations of this line are 

X' " Y' " Z ' 

— y X 

and the perpendicular distance between this line and the 
axis of z, which is evidently the perpendicular on this line 
from the point (0, 0, f) is (Solid Geometry, Art. 28 or 30) 

s/^ + y*' 

These results can be obtained rather more simply by 
assuming the plane of zx to contain the centre of inertia. 
This gives us ^ = and thence X' = 0, Hence the impulse 
is entirely parallel to the axis of y, that is, is perpendicular to 
the plane containing the axis of rotation and the centre of 
inertia. We then easily obtain A;' = ^f, which is equivalent 
to our last result. It follows that the centre of percussion,, if 
one exist, is at the same distance from the axis of rotation as 
the centre of oscillation (Art. 56). 
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EXAMPLES. CHAPTER IV. 

1. A body moves about a fixed horizontal axis and is 
acted on by gravity only, find the time of a small oscillation. 

If T^ and T^ are the times of a small oscillation about 
parallel axes which are distant a^ and a, respectively from the 
centre of gravity ; and T the time of a small oscillation for a 
simple pendulum of length a^ + a^, shew that 

2. A rigid body is suspended in succession from three 
parallel axes in the same plane, the distances of which from 
each other are known. If the times of oscillation be observed, 
obtain an equation for determining the moment of inertia 
about the parallel axis through the centre of gravity. 

3. A homogeneous solid spheroid, the equation to the 
surface of which is 

is suspended from an axis passing through a focus ; prove 
that the centre of oscillation lies on the surface 

25a' (o' - V) (x* + y» + zy = {aV + V{x* + y' + a*)}'. 

4. A uniform heavy rod OA swings from a hinge at 0, 
and an elastic string is attached to a point C in the rod, the 
other end of the string being fastened to a point B vertically 
below 0. In the position of equilibrium the string is at its 
natural length and the coefiBcient of elasticity is n times the 
weight of the rod. If the rod be held in a horizontal position 
and then set free, shew that if to be the angular velocity 
when it is vertical 

§ aW=^ga + ng L _ + Jh^ + c" - ^ + cj , 

where 2a = length of rod, 00 = c, OB = h, 

• 

Find also the time of a small oscillation and shew that it 
is not affected by the elastic string. 
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8. A uniform rod of length 2a is rotating, in a vertical 
plane, abou t its middle point, which is fixed, with an angular 

velocity a/ — ~. At the instant the rod is horizontal the 

ascending end is struck by a ball of equal mass, which was 

dropped from a height -^ ; and when it is next horizontal, 

o 

the same extremity is struck by a second equal ball similarly 
dropped. The elasticity being perfect, determine the subse- 
quent motion of the rod and balls. 

6. A uniform vertical circular plate, of radius a, is capable 
of revolving about a smooth horizontal axis through its centre; 
a rough string equal in mass to the plate and in length to its 
circumference hangs over its rim in equilibrium ; if one end 
be slightly displaced, shew that the velocity of the string 

when it begins to leave the plate is a/'^^ • 

7. A uniform cylinder can move freely about its axis, 
which is horizontal. While it is at rest a particle of 

elasticity e and of -^^ of its mass and of friction fi falls on it 

and strikes it with given velocity. Investigate the motion of 
the cylinder, and shew that the greatest angular velocity will 
be produced when the radius vector of the particle's point of 
impact is inclined to the vertical at an angle 



UrTUfif-l+e + lj 



8. A door in the shape of a uniform rectangle of height 
h and width 6, turns on two hinges in a vertical line at 
a distance 2c apart, and equidistant from the top and bottom. 
A weight equal to half that of the door is fastened to one end 
of a string, whose other end is attached to the top comer of 
the door farthest from the hinges, and which passes over 
a pulley fixed at the corresponding comer of the doorway. 
The door is placed open at right angles to the doorway : find 
the angular velocity with which it comes to. 

If the motion be suddenly stopped by a force applied 
at any point of the door: find the impulsive tension of 
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the string, and pressures on the hinges, and the condition 
that the latter may vanish. 

9. An elliptic lamina is supported, with its plane vertical 
and transverse axis horizontal, by two weightless pins passing 
through its foci. If one of the pins be released, determine 
the eccentricity of the ellipse in order that the pressure 
on the other may be initially unaltered. 

10. A lamina, whose centre of gravity is G, is revolving 
about a horizontal axis perpendicular to it and meeting it in 
(7; supposing it to begin to move from that position in which 
CO is horizontal, prove that the greatest angle which 
the direction of the pressure on the axis can make with 

the vertical is cot"* If v^ tan ^ j , where is the corresponding 

angle which CQ makes with the vertical, h is the radius 
of gyration about the axis through Q perpendicular to 
the lamina, and CG = h. 

11. A particle is placed on a rough plane lamina which 
is initially horizontal, and which is moveable about a 
horizontal line through its centre of gravity. Shew that 
the particle will begin to slip when the plane has turned 

through an angle tan""* q ^ ■ if « ' ^ being the coeflScient of 

friction, 2a the length of the plane perpendicular to its axis 
of revolution, c the distance of the particle from that axis, 
and M and m the masses of the lamina and particle. 

12. A ring is constrained to remain in a vertical plane, 
and to be always in contact with a rough horizontal plane, by 
passing through a smooth fixed ring at the extremity of a 

1 

horizontal diameter. A weight equal to - th of the weight of 

the ring is attached to it at the other extremity of the 
horizontal diameter. Shew that the weight will just reach 
the horizontal plane if the coefficient of friction be either of 
the roots of the equation 






Ly^ + (n + l)| + l = 0. 



I2(n + 1) 



CHAPTER V. 



MOTION OF A BODY WITH ONE POINT FIXED. 

62. If the movement of a body be restricted by 
having (me point only fixed, we know by Art. 9, that the 
motion at any instant can be represented by a rotation 
round some line passing through the fixed point ; or, by the 
composition of simultaneous angular velocities round the 
co-ordinate axes. The equations of motion in this case 
will be, by Art. 23, taking the fixed point as origin 



trnbf 






2,7n <Z-t:k —x 



\ 



= M, 



^ f d'y <Px) ,- 



where L, M, N represent the sums of the moments of 
the impressed forces about the axes of x, y, z respectively. 

As in Art. 18, if o),, w^, ©, be the angular velocities round 
the co-ordinate axes, and o) the resultant angular velocity 






z 



d(o. 



de ^ ' ^ ' ' dt ^ dt' 

hence 

d*V d^X / a . j\ ^®» ^^<r ^^li . / \ 
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Therefore 

+ Sm (a-«, + yi», + jeroo.) (xoo, — y»,) = JT. (1). 

Two similar equations can be obtained from the other two 
above. 

63. The equation (1) is ordinarily quite insoluble. 
In one case however it reduces to a very simple form, that is 
to say when the three principal moments of inertia of 
the body at the fixed point are all equal Any axis is 
in this case a principal axis, since the momental ellipsoid 
becomes a sphere (Art. 36). If A be the value of any 
one of the principal moments, since ^myz = 0, Xvizx — 0, 
^mxy = 0, and 2wi (x* + y*) = 2m (y* + ^) = %m (/^-{■af)^A, 
the above equation becomes 

and the other two become similarly 

and from these equations the values of o)^, ©y, o>, may 
sometimes be obtained by integration. 

64. If a body rotating about a fixed point be subjected 
to impulsive forces, the equations of Art. 28 enable us to 
discover the instantaneous alterations in the angular velocities 
of the body round the axes. 

Let cDg., ©y, CD, be the component angular velocities round 
the axes before, and <oJ, (o^\ o>,' the values of the same 
quantities after, the impulses. Then with the notation 
of Art. 28 by means of the formulso (8) of Art. 7, 

u = 6)/^ — ck),'y, v' = G),'a? — (ojz, w' = {ojy — ft>/a?. 
Then equations (1) of Art. 28, give after a little reduction 
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2«i (y* + ^) (o>/ — o>^) — l,mzx (o),' — &>,) — ^mxy {(oj - ©y) 

and two similar equations. 

If we denote the moments of the impulses round the axes 
by the symbols L\ M\ N\ and adopt the notation of Art. 34, 
these equations can be written 

A « - 0,,) - 5' K - 6,J - C « - o,,) = L' 1 

5(a,;-a,,)-^'(a,;-a).)-0'K'-a,J =il/'l (1), 

G (a,; - «.) - A' (a,; - «,) - 5^ (0,; - «J = i\r'] 
which determine o)/ — ©a., ©'^ — w^, o)/ — o),, 
and therefore ©a-', w^', w,'. 

65. If a body with one point fixed and initially at rest, 
be acted on by impulses whose moments round the axes are 
L\ M\ N\ the angular velocities produced will be obtained 
from the equations (1) of the last Article, by putting 
0),, G)y, ©, each equal to zero. 

Now the direction-cosines of the initial instantaneous 
axis are — f- , — 7 , — 7 , if o)' be the initial angular velocity 

© O) ft) ° "" 

= VO)a, +««>y +«, • 

Hence the equation of the plane which is diametral to 
the initial instantaneous axis with respect to the momental 
ellipsoid [Art. 35, (3)] is (Solid Geometry, Art. 82), 

{A<oJ - J5'a>; - C'toJ) X + (fift)/ - ^ V - (7 V) y 

+ (Co); - ^'w; - js V) -^ = 0. 

The direction-cosines of the normal to this plane are pro- 
portional to 

A to J — JS'ft),' — G'caJ^ Bg)J — A *<o* — C'ayJ^ Ca>J — A'to^^ — B'toJ, 

or i', J/', iV^', 

that is to the direction-cosines of the axis of the couple of 
which i" , M\ N' are components. 

Hence if a given set of impulses act on the body, 
since these can always be replaced by a couple, and a 
force acting at the fixed point, which latter part has no effect 
on the rotation ; the initial instantaneous axis of rotation is 
the diameter of the momental ellipsoid which is conjugate to 
the plane of the couple. 

A. D. 4 
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Unless the plane of the couple coincide with a principal 
plane of the body, the initial axis of rotation will not be 
perpendicular to the plane of the couple. 

The quantities Ato^ — BtD^—GfOy and the two similar 
expressions are called the angular momenta of the body 
about the axes, or the moments of momentum about the axes. 
(See Art. 97). 

66. If at any instant the co-ordinate axes happen to 
coincide with the principal axes, at that instant %myz = 0, 
%mzx = 0, Xmxy = ; and if -4, 5, be taken as the values 
of the three principal moments of inertia, we have also 

tm (y» + /) =^, 2m (^ + a?') = B, 2m (a;* H-y*) = C. 
The equation (1) of Art. 62 becomes 

C^' + 2m(^~y«)a>,a,, = J^, 

or C^+ (5-^)fi>.tt>, = -ar, 

and the other two equations are similarly simplified. 

If however c»„ ©y, co, represent the angular velocitieis 
round axes fixed in space, this simplified form will only 
be true for the instant considered and will not admit of 
integration with respect to t Let us then suppose that the 
angular velocity is represented by components 0)^, w^, 0. 
round the principal axes which are fixed in the body and 
coincide momentarily with the fixed axes. At the instant 
considered 6)^=0)^, 0)^ = 0),, ©, = 0)3. We cannot however 

be sure as to the relation between -y-^ , —j^ , -^ and 

at at at 

-~ , —7^ , --— , and this relation we must proceed to investi- 
gate. 

67. Let us then suppose l^y m^, n^ ; l^, m^, n^ ; Z3, m,, w, 
to be the direction-cosines of the principal axes of the 
body with reference to axes fixed in space. We then get 
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Turning to Art. 7, we see that the relations between 
09^, Q>,, Q>3 and CO., o),, o), are exactly the same in form 
as those between x\ y', z' and f, r), f. 

Hence by a reduction equivalent to that in Art. 7, 

the last three terms of the value of —r." can be replaced by 

G>^(o^ — cOyft), or zero , since the symbols o),, <o^ , o>, have the 
same meaning as in Art. 7. 

Hence 

d(o^ _ 7 ^??i . 7 ^^ , 7 ^^ 

If then at any instant the principal axes coincide with the 
fixed axes^ at that instant /^ = 1, /^ = 0, Z, = 0, and therefore 
we have 

da), dco^ 

68. The equations of motion of the body are therefore 
reduced to 

where <» , <»,, «, are the resolved angular velocities round the 
principal axes of the body. 

I 

69. In addition to the equations of the last Article which 
may be supposed to determine Wj, w,, ©3, we still require means 
for determining the values of Zj, m^, n^ ; Z,, m,, n^ ; Z,, m^ n^ or 
in some other way ascertaining the position of the prmcipal 
axes in space. 

It is well known that these nine quantities are connected 
by six relations. Therefore three independent quantities are 
required to determine the position of the principal axes. The 

4—2 
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mma% cfw a bodt with ose foist fixed. 



thr^ wmsdlj taken (Solid Geometzy, Ait. 45) are $ the ao^e 
\f^we>fftt Wifi axis of z and one of the principal axes, as 
t\iSA TfAiTid wbich C is the moment of inertia^ the ang^e 
A XjttAMtsdii the axis of x and the line in which the plane of xy 
tuUfn¥vc:^ the jJane through the other two piincip^ axes^ and 
tbi^ angle ^ between the last line and one of these two 
f^udpal axes* 

70* Let US suppose a sphere of radius unity described 
with tbe fixed point as centre. Let the fixed axes meet this, 
ifpbere in z, y, z and the principal axes meet it in A^ B, C. 




Let the great circles through AB and xy cut ih x^, the 
(Treat circles through Cz and AB cut in y^ and those through 
0» and xy in y^. 

Then the arc Cz = 6, arc xx^ = ^, arc x^A^^^. 

The velocity of the point can be represented hy either 
of the two sets of velocities 

•-.- along zG, and sin -^ perpendicular to zC 



dt 



or 



dt 
Q)j along BC and a>, along CA, 
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Also the angle between the arcs BG and Cz is '^. Hence 
resolving the second set in the directions of the first we 
have 

f ^ , de 

a>, COS y — a>j sin Y" = tt 



«j sin •^ + <»j cos -^ = -^-sin 6 



Y 



(1). 



From which, or by resolving the first set in the directions 
of the second, we can obtain the equivalent equations 



dd 

0), = -t: cos 

* at 



-^Ir + -^ sin ^ sin -^ 



dt 



du . , dd> . /» , 

©, = — -1- sm y + -^ sin c' cos y 



(2). 



dt ^ dt 

Again, the velocity of A along AB is 0)3, but its velocity 
along AB relative to x^, is --^ , while the velocity of x^ along 



-4-B IS -T- cos 0. 



dt 



Hence we must have, 



CD 



» dt dt 



(3). 



The Equations (1) or (2) with (3) theoretically determine 
0, </), i|r if G)j, (Oj, ©3 are known, and, coupled with the 
equations of Art. G8, determine the motion completely. 

71. In the case of a body acted on, either by no forces, 
or by forces which have no moment round the fixed 
point, the equations of Art. 68 admit of integration. They 
become 






.(1), 
(2). 



(3). 
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Multiplying these equations by w,, o),, w, respectively, and 
adding, we have, 

whence Ato^ + B<o^ + Cto* = constant = h* suppose . . .(i). 

Again multiplying the three original equations by 
Aeo^, Bo)^, (7tt)3 respectively and adding, we obtain 

^ dt ^ dt ^ dt 

whence A^to^ + jB^(o^ + (Pay^ = constant = A* suppose. . . (5). 

Let us further assume <o to represent the resuUant 
angular velocity, so that 

6),« + a),' + a)3» = a>* (6). 

From these three equations o)/, w,*, 0)3' can be expressed 
in terms of a>, and since 

d(a day, dto^ . dco^ ,^v 

we can then by means of (1), (2) and (3) express j-, and 

consequently -r- , in terms of ©. The value of < is thus made 
to depend on the determination of an elliptic integral. 

72. The equations of the instantaneous axis referred to 
the principal axes are 

^=i^=-^ (1). 



^1 ^8 «8 



The co-ordinates of the point where (1) meets the 
momental ellipsoid, whose equation is 

Aa^+BZ+Cz'-^-e* (2), 



are obtained by taking (1) and (2) as simultaneous. We 
thus get 

X 

to. 



r, a>, a>3 V AGy~f+Bay^'VCto;''V 
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and also each of the fractions 



V, 



aj* + y* + ^' _ r 

if r be the distance of the point from the origin. 

The equation of the tangent plane to (2) at this point is 
(Solid Geometry, Art. 101), 

or Afo^x '\- BoD^ + CcD^z = €*h (3). 

The length of the perpendicular from the origin on this 
plane is therefore 

h^ ^ h^ 

and is consequently invariable. 

73. The direction-cosines of the perpendicular on the 
tangent plane (3) referred to the principal axes are 

A (Oj Bo)^ C!&>3 

We shall now shew that this line is not only invariable in 
length but also in absolute direction. 

Let 7j, m,, n^ be the direction-cosines of OA with 
respect to axes Ox, Oy, Oz fixed in space ; /,, m,, n^ ; l^ w»j, w, 
those of OB and OC. 

The cosine of the angle between Ox and the line we are 
considering is — — j^ 5_5 — \ gay. 

From this we obtain by differentiation 

^{B-G) ijO),©, + {C-A) «,o>,o), + (A-B) Z,o>,«a, 
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But by Art. 7 if «„ «»,, «», are the angulax velocities 
round Ox, Oy, Oz we have 

<?/, dZ^ dZ, 

dZ, dZ- d/« 

and multiplying these equations by ?,, m,, Wj respectively and 

adding we obtain 

dl. 



^^ = «.«,-»«.a,. 



= n^ (m^Wj + m/o^ + m^co^ — m^ {n^(o^ + n^Wg + Wj^g) (Art. 67), 

= ©3 (W3W, - m^n^ - w, (m^n, - w.tiJ, 

= ZjOg — /jWj (Solid Geometry, Chap. IV. Ex. 4). 

Similarly ^^ = l^co^ - Z^©,, 

di = ^''"« - ^»'"'- 

Hence -,- = ; that is the perpendicular to the tangent 

plane of the momental ellipsoid at the extremity of the 
instantaneous axis makes a constant angle with any one, and 
consequently with all, of the axes fixed in space. Hence this 
line is itself fixed in direction. It is therefore called the 
invariable line, and the plane through the fixed point per- 
pendicular to it is called the invariable plane. Another 
proof of this result will be given later on as a particular 
case of a more general proposition (Art. 101). 
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74. If the invariable line be taken as axis of z in the 
figure of Art. 70 the equations which give the motion can be 
considerably simplified. 

For from spherical trigonometry or from the transforma- 
tions eflfected in Art. 45 of the author's Solid Geometry the 
direction-cosines of Oz with reference to OA, OB^ 00 are 

sin -^ sin 6, cos -^ sin 6, cos 6. 

Hence 

A(o^ ... /I BoD^ . . /J Cod ^ ^. 

—T^ = sin y sm ^, -j^ = cos y sm ^, -rr = cos a...(l). 

Equations (1) of Art. 70 therefore give 

dd (1^ lf\ 
^=(3-gjsinVrcos^sin5 (2), 

d(^_ ,/cos»^ sin»^\ 

d^"^ (,~5~+^~~; ^^)' 

while equation (3) gives 



;-«-t+*-(^*"^)-*. 



*-i'cos«{(i-;i)8m'++(J-i)cosv}. ..(*). 

Equations (2), (.3), (4) if integrable would give the values 
of d, -^j ^ in terms of ^, and so determine the position of the 
body at any time. 

It is perhaps worth noticing that the direction-cosines of 
the three lines Ox, Oy, Oz with respect to OA, OB, 00 qxq 

cos^cos'^— sin<^sin'^/rcos^, — cos0sini|r— sin^cos-^cos^, sin^sin^ 
sin^cos>/r+cos0 sin-^cos^, —sin^sin-v/r+cos^cos'^ cos^, cos<^sin ^ 
sin -^ sin ^, cos -^ sin 5, cos 5 

and tbat the same nine quantities taken in vertical rows are 
the direction-cosines of 0-4, OB, 00 with respect to 
Oxy Oy, Oz. Also that the direction-cosines of OB can be 



(5). 



58 MOTION OF A BODY WITH ONE POINT FIXED. 

IT 

deduced from those of OA by writing -^ + ^ for -^ while those 
of Oy can be deduced from those of Ox by writing 

^-\ for if>, 

75. The motion of the body can thus be represented by 
imagining the momental ellipsoid at the fixed point to roll on 

a plane parallel to the invariable plane at a distance -^ 

from the origin. The ellipsoid rolls on the plane because 
the point of contact at each instant, being the extremity of 
the instantaneous axis, has no velocity in space. 

The instantaneous axis describes two cones, one absolutely 
in space whose base is a curve traced out on the fixed 
tangent plane by the successive positions of the point of 
contact ; and the other relatively to the momental ellipsoid, 
whose base is the curve traced out by the same point on the 
surface of the ellipsoid. The motion of the body may be 
also represented by imagining one of these cones to roll on 
the other. 

76. The locus of the extremities of the instantaneous 
axis on the ellipsoid is easily obtained. It is simply the 
locus of points at which the perpendicular on the tangent 

plane is equal to -r^ , and the condition for this is that 

which, combined with the equation 

gives the curve required. 

This curve is called the polhode. 

77. The equation of the curve, called the herpolhode, 
traced out on the fixed tangent plane can be obtained. 

If {&' and da be corresponding elements of the arc of this 
curve and the polhode, it is evident from the method of 
description that da' = ds» 
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Let be the fixed point, 01 any position of the instan- 
taneous axis, or the next position. We may suppose //' to 
be an arc of the polhode or herpolhode. Let 00' be the 




invariable line, and 0' the point where it meets the tangent 
plane to the ellipsoid at /. Then if ffl=^r, OI=^r, and ff 
be the angle which 01 makes with some fixed line in the 
plane 707, 

&'» = hs* = //'* = S/-^ + /» {W)\ 

But if a?, y, z be the do-ordinates of / referred to the 
principal axes, {hsf = (hxf + (Sy)» + {hzf 



6* 



= ^ l(8<«i)' + (S^s)" + (K)"j> by Art 72, 
therefore proceeding to the limit 

Also since 00* = ^ r* > Art 72, 

r =r +-j^4 . 

„ , AV 6)V AV 

or r =: IT -^ - — = 

k* A' k" 

, , dr' toe* da ,„, 

whence 'dt=l^dt ^^^- 

By Art. 71 we can express the right hand member of (1) 
in terms of ®. Hence from (1) and (2) we can express 

3- and —77 , and therefore ,- and ->— , in terms of ©. Whence 
at at a(a a<o 

by integrating and eliminating (», r can be obtained in 

terms of ff. 
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We may notice that the quantity denoted by A' is the 
vis viva of the body (Arts. 91, 96) ; while that denoted by k* 
is the moment of momentum, or the angular momentum of 
the body, round the invariable line (Arts. 88, 100, 101). 



EXAMPLES. CHAPTER V. 

1. An ellipsoid rotating, with its centre fixed, about 
one of its principal axes (that of x) receives a normal 
blow at a point (A, k, l). If the initial axis of rotation after 
the blow lie in the principal plane of yz, its equation is 

c'(a^ + c')(a»-6')% + 6'(a^ + J*)(a'-c')Z« = 0. 

• 

2. The angular velocities of a body acted on by couples 
X, M, -Aground the principal axes, about which the moments 
of inertia are A, B, (7, are cOj, co^, ©g ; shew that the angular 
velocities, in the body, of the instantaneous axis round the 
principal axes are 

and similar expressions. 

3. A, B, G are the moments of inertia, —Fy--G,—H 
the products of inertia, for rectangular axes fixed in space, of 
a rigid body rotating about a fixed origin, cd^, a)^, cOg the 
component angular velocities, and K^y K^, K^ the component 
angular momenta about the same axes at the time t ; if 
L^BC'-ryP =^GH- AF, prove that 

^^=2((?a,,-ir6,g), ^=(S-.0)a,,-^o,,+ (?o,., 
^ = 2 (FiTg - GiTJ, ^-^^{G--B)K^ + HK,^GK, 

4. If two of the principal moments of inertia be equal, 
and the body begin to rotate about an axis perpendicular to 
that of unequal moment, under the action of a couple varying 
as the cosecant of the angle which the instantaneous axis 
nfiakes with the axis of unequal moment, and in a plane per- 
pendicular to that axis, determine the position of the instan- 
taneous axis in the body in terms of the time. 



t 
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5. If, with the usual notation, M=0, N=0, and the 
body initially rotate about the principal axis to which A 
belongs, it will continue to do so if ^ be the greatest or least 
moment, but if it be the mean moment, the axis of rotation 
will always be in a plane through this axis whose equation is 

yJB{A-B)^zjG{C^Al 

6. A lamina of any form, rotating with an angular 
velocity © about an axis through its centre of gravity perpen- 
dicular to its plane, has an angular velocity, 

^A + 5\* 

impressed upon it about its principal axis of least moment, 
A and B being its moments of inertia about the principal 
axes of mean and least moment; shew that its angular 
velocities about the principal axes at any time <, are 

2ft> _ ( A+B \^ ^^t^^-^t (A + B^ 2a> 

and that it will ultimately revolve about its axis of mean 
moment. 

7. A rigid body, acted on by no force, moves in such a 
manner that the square of its angular momentum is equal to 
its vis viva multiplied by its moment of inertia about its 
mean axis; prove that the plane through the invariable line 
and the mean axis rotates uniformly in space, and that, if d 
be the inclination of the mean axis to the invariable line at 
the time t, 

1 . ^ 1 . « (A-Bf{B^C)^ ^^ 

log tan ^ = log tan ^ . Gt, 

« 2 ^2 B{AG)^ ' .. 

where A, B, C are the principal moments of inertia of the 
body, O its angular momentum, and a the initial value of 0. 

8. If A;* = SA', prove that the polhode becomes a pair of 
plane curves formed by the intersection of the planes 

xJA {A-- B)^ ±z JG{B—(J) with the momental ellipsoid, 
B being the mean of the quantities A, B, G. 



CHAPTER VI. 

ON MOTION OF A FREE BODY IN SPACE. THE MOTION OF 

A SPHERE. 

78. The principles and results of the last chapter can all 
be utilised for the investigation of the motion of a body no 
point of which is fixed, by means of the two principles of 
Art. 24. All the results of Arts. 71 — 77, apply to the case of 
a rigid body moving freely and acted on only by forces whose 
resultant has no moment round the centre of inertia. The 
only change is one of interpretation, that motions which were 
formerly absolute are now to be considered merely as relative 
to the centre of inertia. 

79. There is one case of sufficient importance and 
frequency of occurrence to deserve separate mention, that of a 
body in the shape of a plane lamina moving in its own 
plane. 

In this case a line through the centre of inertia perpen- 
dicular to the plane is a principal axis (Art. 40), and if co be 
th§ angular velocity of the body round this axis, or as it may 
be called, the angular velocity of the body in its own 
plane round the centre of inertia, we have by equation (1) 
of Art. 62, since w^ = 0, w^ == 0, <», = o) 

M]^^=^Xm(Yx-Xy) (1), 

if Mk* be the moment of inertia of the body about the line 
through the centre of inertia perpendicular to its plane. 

Also if x^ y be the co-ordinates of the centre of inertia 
referred to axes fixed in the plane of motion ; by equations 
(4) of Art. 25, 
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Z- ^ (2)- 

air 

These results apply also to the motion of a body not a 
plane lamina, when the motion of every particle is parallel to 
the plane of xy. 

80. If a plane lamina be acted on by impulsive forces in 
its own plane ; the equation giving the motion round the 
centre of inertia after the impulse is by Art. 64, 

ifjfc' (ft)' - o)) =S (F^-Z'y), 

where &>, m are the angular velocities before and after ; X\ Y' 
are the resolved impulses at the point (a;, y). 

For the motion of the centre of inertia, we have by 
Art. 28, 

M{y; - u) = XX\ M (t;' - 1;) = tT'. 

The resolved parts of the velocity of any point of the 
lamina parallel to the axes of x and y after the impulses are 
then v! — yto and v + xca'. 

If X, y be such that these both vanish the point {x, y) is 
instantaneously at rest and is called the centre of instantaneous 
or spontaneous rotation. 

81. Let us suppose a sphere rolling on a horizontal plane 
under the action of no forces but gravity. 

We may take any point in the horizontal plane as origin 
and any two lines at right angles to each other in that plane 
as axes of x and y, the axis of ^ being consequently vertical. 

We will assume a to be the radius of the sphere and x, y, a 
as the co-ordinates of the centre of the sphere. Also let 
ft)^., ft)j„ ft), be the angular velocities of the sphere at any instant 
round axes through its centre parallel to the co-ordinate axes. 
Let B be the reaction of the plane and F^, F^ the resolved 
parts of the friction parallel to the co-ordinate axes. Let 
M be the mass of the sphere and if&' its moment of inertia 
round any diameter. 



1 
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The principles of Art, 24, give for the motion of the centre 
of the sphere 




(i=R-Mg 
For the motion round the centre we have by Art. 63, 

at * 



.(1). 



dt 
^* dt 



= 



(2). 



These six equations are all the dynamical ones that can 
be obtained. As there are eight unknowns 

©., Q)y, ©., a?, y, F^, F^, R, 

we require two more equations. These must be geometrical 
and be obtained from the nature of the rolling. 

Let us first suppose that the friction of the plane is 
sufl&cient to prevent all sliding. In this case the instantaneous 
velocity of the point of the sphere in contact with the plane 
must vanish. By Art. 8, the velocities of this point parallel 

to Ox, Or/, Sixe -J- — ao)^ and -^ + a©,. 
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Hence we have 



dx ^ 



dt 



+ act)- = 



(3), 



as the two additional conditions required. 

Secondly, it may happen that the friction of the plane is 
not sufficient to insure perfect rolling. In this case the 
maximum amount of friction will be called into play in order 
to prevent the motion of the point of the sphere which is in 
contact with the plane. Hence, as a first condition, if /j, be 
the coefficient of friction between the sphere and the plane, 

F: + F; = fi,'S^ (4). 

A second property of friction is, that it always acts in a 
direction opposite to that in which motion is taking, or tends 
to take place. This gives as a second condition 



dy 



(5). 



dt-"^' 



82. From the first equation of (1) combined with the 
second of (2), we get 



a 



Similarly 



TC^" dt ~" 



d'y J, dto^ _ 



(6). 



And if we assume the condition of perfect rolling, and sub- 
stitute for 0),, 6)y their values from (3), these equations give 

d^' ^' df ' 

Whence F^ = 0, j; = 0. 

If therefore the ball be at any time rolling without sliding, 
it will continue to do so throughout the motion and the linear 
and angular velocities will remain uniform. 

A. D. 5 



•in .TY mTTxy zw a fiz3: 3«:c^ 



% If TrieiL tie 'lalL 3 ^nir::^! Tie imnnjsT? firktioiial 
niia le :u r ^^ni tutl in ^isnr^ titt:.;^^ 5e!5iec rit.Tiig, the 

^i tM^ i*"/ i«a. 



K* it £r^ 



-- — i 



•^x ». rr ««, 






¥ 












T:.-Tet:rt 









Wience, iritrgrating, 

he[ ^'^ +aa#,)=Ioe -^ — a», -r constant; 

therefore ^ +a«»,= C '-^- a»J ; 

therefore F^ = C,F^ 

Arid therefore from (4) 

tJierefore F^^-^^ ^,=4^- 

Ilerice the motion of the centre of the sphere is the same 
a« that of a particle acted on hy a constant force in a constant 
dinjction, and its path is therefore a parabola, with a straight 
line m a particular case. 

84* If the plane on which the sphere is rolling be in- 
cline<l to the horizon at an angle a, and we take the line of 
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greatest slope in this plane as axis of a?, the axis of y being 
consequently horizontal, the equations (1) of Art. 81 are 
replaced by 

M ^^ = F^-MgAna 

= jR — Mg cos a J 

The equations (2) require no alteration. 

Eliminating F^ between the first equation of (6) and the 
second of (2), we obtain 

Similarly *'^-«S = 0. 

If the conditions of perfect rolling be satisfied, sub- 
stituting for ©^ and w^ we get 

(?«?_ a^g sin a 

W a' + i*' 

df "• 

Hence the path of the centre of the sphere is a parabola, 
since these equations are the same in form as those which 
give the motion of a particle acted on by a constant force in 
a constant direction. 

85. The preceding Articles furnish sufficient exempli- 
fications of the motion of a sphere acted on by finite forces. 
As an example of the treatment of the question when im- 
pulsive forces come into play we will suppose a sphere 
moving in any manner on a smooth horizontal plane to strike 
a vertical rough plane. 

We will take the normal to this latter plane as axis of x, 
and the axis of z vertical. 

Let u, V be the velocities of the centre of the sphere 
parallel to the axes of x and y before the impact ; u\ v' the 

5—2 
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values of the same quantities after impact. Let to^ g>^ o>, be 
the angular yelocities of the sphere round axes through its 
centre parallel to the co-ordinate axes before the impact, 
mj, GfJ, o/ the values of the same quantities after. 




Let jB, S be the impulses in the direction of the normal 
on the vertical and horizontal planes respectively, F^ F, the 
frictional impulses on the former plane parallel to the axes of 
1/ and z respectively. Then, assuming that the ball does not 
jump from the horizontal plane, by equations (2) of Art. 28 

Jlf(u'-t*)=-i?; if (t/-i;)=J?;; = R + F,, 
And by equations (1) of Art. 64 

If we suppose the vertical plane suflSciently rough to 
prevent any sliding, we have, by the formulae of Art. 8, 

m' = 0, t/ + a(«)/=0, -aa)/ = 0. 
These nine equations enable us to determine 

u'y v\ (ojy G>/, 0)/, R, E, F^, F^. 
We easily obtain 

V-t? = _(a,, -a>J = --,i; - - o>. ; 



V 



f __ a {av — h^(o^ , _l^(o^ — av 



therefore , ^,_^^. ' - - a« + F ' 

and the other quantities can be easily found. 
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86. We have supposed the sphere inelastic. If this be 
not the case we know that a new normal reaction = eB comes 
into play. This will not affect either the dynamical or 
geometrical conditions which determine v' or o)/. It will 
alter the velocity of the centre of inertia parallel to Ox. If 
u' be the final value of this velocity we shall have 

M{u"'-u')=-eR. 

And, since w' = 0, this gives Mu" =eR = — eMu; 

therefore u" = — eu. 

If <f>, ^' be the angles which the line of motion of the 
centre of the sphere makes with the normal to the vertical 
wall before and after impact, 

tan ^ = - , tan 0' = 



^l' ' — u" 



Hence tan 6 = — - — r-f = —-^-5— -.=— -tan <f>, 

or, since k^= -y- (Art. 47), 

5 

V 

tan <f/ = ^ . tan ^ . 

The ratio of tan 0' to tan ^ may thus be made to assume 
apy desired value by properly adjusting the value of 



V 



87. If there be a number of bodies connected together in 
any way and mutually acting on one another, the principles 
laid down will enable the student at least to obtain the 
equations of motion. These must be written down for each 
body separately : three for the motion of the centre of inertia 
of that body and three for the motion round it. If there be 
n bodies there will consequently be 6n dynamical equations. 
In these equations will occur the unknown forces of constraint 
between the different bodies. Each such force will however 
bri^ig in a corresponding limitation of the geometric conditions 
of the question, and from this limitation we shall be able to 
fiud a geometric condition between some of the 6n quantities 
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theoretically necessary to determine the positions of the 
n bodies. There will thus always be as many equations as 
unknown quantities, and the problem is therefore reduced to 
a question of the powers of analysis to solve these equations. 

There are certain general principles which will in most 
cases enable us to obtain one or more integrals of the equations 
of motion. These form the subject of the next chapter. 

EXAMPLES. CHAPTER VI. 

1. Shew that a lamina rotating about an axis in its 
plane can generally be reduced to rest by a single blow. 

2. A plane lamina moving, either about a fixed axis or 
instantaneously about a principal axis, impinges on a free 
inelastic particle in the line through its centre of gravity per- 
pendicular to the axis of rotation at the time of impact. If 
the velocity of the particle after impact be the maximum 
velocity, prove that the angular velocity of the lamina will be 
diminished in the ratio of 2 : 1. 

3. A uniform rod of given length and mass is hinged at 
one end to a fixed point and has a string fastened to its other 
end passing over a pulley in the same horizontal line with 
the fixed point and at a given distance from it greater than 
the length of the rod. At the other end of the string hangs 
a given weight. Initially the rod is horizontaL Find how 
far the weight will ascend. 

4. An inelastic rod of length 2a falls inclined at an 
angle with the vertical and strikes a smooth horizontal 
plane. Shew that it immediately acquires an angular velocity 

V 3sin^ Tri- • -x • 1 -i. 

— • /^i — o ' « /IS , Fbemg its previous velocity. 
a (1 + 3 sm^ 0) or J 

5. A uniformly revolving rod, the centre of gravity of 
which is initially at rest, moves in a plane under the action 
of a constant force in the direction of its length : prove that, 
at the end of any time from the beginning of the motion, 
the square of the radius of curvature of the path of the ro&'s 
centre of gravity varies as the versed sine of the angle 
through which the rod has revolved. 
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6. A wheel, of mass M and radius c, rotates in a vertical 
plane about its centre, which is fixed. A heavy uniform rod, 
of mass M' and length 2a, has one extremity fastened to 
a point in the circumference of the wheel and the other 
moves freely in a vertical smooth groove passing through the 
centre of the wheel. Determine the motion. 

7. A smooth semi-circular disc rests with its plane 
vertical on a smooth horizontal table, and on it rest two 
equal uniform rods, each of which passes through two fixed 
rings in a vertical line. If the disc be slightly displaced, and 
if, in the ensuing motion, one rod leave the disc when the 
other is at the highest point, prove that 

itf _ 2 (2sina — 1 — sin/8) — sinyScos^ 
m~ sin"^ ' 

M, m being the masses of the disc, and either of the rods re- 
spectively, a the angle which the radius to either point 
of contact, in the position of equilibrium, makes with the 
horizon, and j3 being equal to cos""* (2 cos a). 

8. A circular disc falling vertically impinges with velo- 
city v on a rough obstacle at a point at an angular distance 
of 45° from the lowest point of the disc. If the coefficients 
of normal and tangential elasticity be each unity, prove 
that the latus rectum of the subsequent path of the centre of 

the disc is 7: — . 

9. Explain the method of treating questions involving 
the rolling and slipping of one rough cylinder on another. 

A uniform circular ring moves on a rough curve under 
the action of no forces, the curvature of the curve being 
everywhere less than that of the ring. If the ring be pro- 
jected without rotation from a point A of the curve and 
begin to roll at a point B, the angle between the normals at 
A and B is log 2-r-fi, where fi is the coefiicient of friction. 

10. A sphere is partly rolling and partly sliding on a 
rough horizontal plane. Shew that the angle the direction 
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of friction makes with tlie axis of x is tan"* p^ > ^ ^^^ ^ 

v — ail^ 

beiug the initial velocities, fl^ and il^ the initial angular 

velocities. 

11. A circular disc, capable of motion about a vertical 
axis through its centre perpendicular to its plane, is set 
in motion with angular velocity 12, and at a point very near 
the centre of the disc is placed a rough uniform sphere; 
shew that when the sphere leaves the disc, the angular velo- 
city of the disc is 

7mQ 

7m + 41f ' 
M, m being the masses of the sphere and disc. 

12. A ball spinning about a vertical axis moves on a 
smooth table and impinges directly on a perfectly rough ver- 
tical cushion ; shew that the vis viva of the ball is diminished 
in the ratio 10e^4-14jtan*e : 10 + 49 tan' ^, where e is the 
elasticity of the ball and 6 the angle of reflexion. 

13. A billiard ball, of radius a, rolling in a straight line 
with velocity F, and rotating with angular velocity w about 
a vertical diameter, strikes a cushion at an angle a. The co- 
efficients of normal and frictional elasticity between the ball 
and cushion are the same, and the friction is sufficient 
to prevent sliding, the table being supposed smooth. Shew 
that whatever be the elasticity, the ball after impact will 
return along its former path, if 

2aw = 5 Fcos a. 

14. Shew that if the table be rough in the last question, 
and the coefficients of normal and frictional elasticity be the 
same for the table as for the cushion, and the ball be rolling 
without sliding when it impinges, the condition for the 
same thing will be 

2at(; = 7Fcosa. 

15. A billiard ball at rest on a table receives a blow in 
a given direction : supposing the table to be so inelastic that 
the baU does not rebound, prove that, if the coefficient of im- 
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pulsive friction t^^ /u ^> the ball will begin to roll without 

sliding, provided that the point where the ball is struck lies 
between two certain circles on the surface of the ball, whose 
planes are equidistant from its centre and one of them hori- 
zontal. Determine also the limits within which the blow 
must be delivered, in order that there jnay be no initial 

sliding, when fi is greater or less than a/ ^ . 

If the ball be so struck that it begins to slide as well as 
roll, prove that, when its sliding motion is destroyed by 
friction, its ultimate direction and velocity Tvdll be the same 
as if the friction had been sufficient to cause it to roll with- 
out sliding at first : the coefficients of finite and impulsive 
friction being supposed to be equal. 

16. Every particle of a sphere of radius a, which is 
placed on a fixed perfectly rough sphere of radius c, is 
attracted to a centre of force, on the surface of the fixed 
sphere, with a force varying inversely as the square of the 
distance ; if it be placed at the extremity of the diameter 
through the centre of force and be then slightly displaced, 
determine its motion ; and shew that whe/i it leaves the 
fixed sphere the distance of its centre from the centre of force 
is a root of the equation 

20^' - 13 (2c + a)x^ + 7a (2c + of = 0. 

17. A rough cylinder of mass 2nm, capable of motion 
about its horizontal axis, has a particle of mass m and co- 
efficient of friction /x, placed on it vertically above the axis. 
The system is then disturbed. Find the motion and shew 
that the particle will slip on the cylinder after it has moved 
through an angle given by the equation 

(n + S) ficos0 — 2/jL—n sin ^ = 0. 

Find the subsequent motion until the particle leaves the 
cylinder. 



CHAPTER VIL 



ON CEBTAIN GENERAL PRINCIPLES. 

88. The product of the mass of any moving particle 
into its velocity is called the Tnomentwm of the particle. 

The momentum of a body or collection of bodies is the 
sum of the momenta of all the particles of the system. 

The momentum of a particle resolved in any direction is 
the product of the mass into the resolved part of the velocity 
in that direction. 

The momentum of a body or system of bodies resolved in 
any direction is the sum of the momenta of all the particles 
resolved in that direction. 

The moment of the momenttmi of a particle round any line 
is the product of the momentum of the particle resolved per- 
pendicular to the line into the least distance between the 
line and the direction of motion of the particle. This is 
sometimes called the angular momentum of the particle about 
the line. 

The moment of TnoTnentum of a body or system of bodies 
about any line is the sum of the moments of momentum of 
tiie several particles of the system about that line. This is 
sometimes called the a/ngular momentum of the body about 
the line. 

89. The first principle is that of Conservation of lAnear 
Morfientum^ and may be enunciated as follows : 
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If a system of particles be acted on by forces the sum of 
whose resolved parts in any given direction vanishes, then the 
momentum of the system resolved in that direction is con- 
stant. 

In the case supposed, if the given direction be taken as 
axis of Xf we have by the first equation of (1) of Art. 23 

dx 
whence ^'^'Tu =constant (1), 

which proves the proposition. 

The result of Art. 26 may be compared with this prin- 
ciple, and deduced from it as a particular case. 

90. The second principle, that of the Co7iservation of 
Moment of Momentum, or, as it was formerly called, the Con- 
servation of Areas, may be enunciated as follows : 

If a system of particles be acted on by forces whose 
resultant has no moment round any fixed straight line, the 
moment of the momentum of the system round this line is 
constant. 

For if this line be taken as the axis of z, by the last of 
the equations (2) of Art. 23, 

whence, by integration, 

2m [^^"y-jij^ constant = \ (2). 

Now the velocity of the particle m resolved perpendicular 

dx du 

to the axis of z consists of -^ parallel to Ox and -^ parallel to 

Oy. The moments of these resolved parts round Oz are 
respectively —y-n and x -^ . Consequently ^ ( ^ ;;^ — 2/777 ) 
is the moment of the momentum of m round the axis of z, 



76 ON CERTAIN GENERAL PRINCIPLES. 

and 2m [o;-^ — y-^J Is the moment of the momentum of 

the system round the axis of z. 

In the application of both of these principles the internal 
actions between the different bodies of the system may be 
omitted from consideration in virtue of the general principle 
that the action and reaction between any two bodies whether 
tending to give them translation or rotation are equal and 
opposite. This will not be the case with regard to the next 
principle. 

91. The product of the mass of a particle into the 
square of its velocity is called the ms viva of the particle. 
The half of the vis viva is called the kinetic energy of the 
particle. The vis viva or kinetic energy of a body or system 
of bodies is the sum of the vires vivas or kinetic energies 
respectively of the several particles of the system. 

Let us suppose that the forces acting on the several 
particles of a system depend only on the position of the 
particles and always have the same value when the 
particles return to the same positions. Let X, F, Z be the 
resolved parts of the force acting on a particle of mass 
m whose co-ordinates are x, y, z parallel to the axes. Then 
we know that Xdx + Ydy + Zdz is always an exact dififeren- 
tial of some function of ic, y, z. If we call this function 
— CT, so that Xdx+Ydy-\-Zdz=^ — dU, mU is called the 
potential energy of the particle. • 

The potential energy of the body or system of bodies is 
the sum of the potential energies of the different particles. 

92. The third principle, that of Conservation of Energy ^ 
may be enunciated as follows : 

If a system of particles be in motion under the action of 
any conservative system of forces, that is of forces which 
depend only on the position of the particles, then throughout 
the motion the sum of the kinetic and potential energies of 
the system is constant. 

This principle is sometimes called the Principle of Vis 
Viva, 
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93. By D'Alembert's principle the impressed forces 
acting on the particles of the body are in equilibrium with 
the reversed effective forces. Hence if Sx, Sy, hz be any 
displacements of the particle m at (a?, y, z) parallel to the 
axes, consistent with the geometrical conditions of the 
system, by the Principle of Virtual Velocities we have 

z-{(x-g)8.+(r-§)s,.(z-g)j,}.o...(3), 

.iuce „(x-g).„(r--5).»(2-g) 

are the forces acting on the particle m in the directions of the 
displacements hx^ 8y, Sz. 

Now among the possible values for Bx, Sy, Sz are the 

actual displacements -77 Bt, -^ Bt, -j- St of the particle m during 

an indefinitely small time Bt If we consider them to have 
these values, we may deduce as one result of (3) 

or, if V be the velocity and mU the potential energy of the 
particle m, 

whence, by integration, ^ - 

^Sw2V^ + 2m Z7= constant (4), 

which proves the principle. 

94. These principles give nothing beyond what may be 
deduced from the equations of motion of any body to which 
they apply. They often guide us to integrals of those equa- 
tions which without their help might be difficult to find, and 
occasionally give us all the results we require. A large 
number of the forces acting on the bodies of the system will 
not come into either of these equations. It has been already 
remarked, that all the internal actions between the different 
parts of the system are to be omitted from consideration in 
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the equations of Conseiration of Momentum and of Moment of 
Momentum. This is true even if impulsive actions or explo- 
sions and disruptions of a mechanical nature take place during 
the motion. 

In the equation of the Conservation of Energy all forces 
may be omitted whose points of application either remain 
unchanged during the motion, or are always displaced in a 
direction perpendicular to the line of action of the force. 

dx cLu dz 

For all such forces as these ^ ~j1'^^~^+^-ji obviously 

vanishes. All mutual actions between two parts of the sys- 
tem whose distances remain unaltered may also be omitted, 
for it is evident that the action and reaction will in this case 

djs dv dz 
give equal and opposite values of X-^ + T-^ + Z-j-, Forces 

between mutually attracting particles whose distance can vary 
will obviously however form part of the potential energy. 

95. In order to apply any of these principles to the 
solution of problems we must investigate the calculation 
of the kinetic energy and moment of momentum of a body 
moving in any manner. 

We will first prove that the kinetic energy, and likewise 
the moment of momentum of any rigid body, consists of two 
parts, one due to the motion of translation of the centre of 
inertia and equal to what would be its value if the whole 
mass were collected at that point; the other due to rotation 
round that centre, whose value is the same as if that 
centre were stationary. 

Let Xy y, z be the co-ordinates of any point referred 
to axes fixed in space ', x,y,z the co-ordinates of the centre 
of inertia referred to the same axes; a?', y\ z' the co-ordinates 
of the point (x, y, z) referred to parallel axes through the 
centre of inertia. 

Then x = x-\-x\ y = y + y', z = z + z\ 

Also tmx' = 0, 2my = 0, tmz=0 (1), 

by the properties of the centre of inertia ; 

therefore Sm^ = 0, 2m^^- = 0, Sm^' = (2). 
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Hence the kinetic energy of the system 
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= i2m 



= |2m 



{/dx 



dt) ^\dt'^ dt) '^\dt'^ dtj] 




= \ 2m^" + i 2mv'", 



+ — 2m ^ + — Sm ^ + — 2m — 



if V be the velocity of the centre of inertia, and v' the velocity 
of {Xy y, z) relative to this point. This proves the proposition 
for the kinetic energy. 

Again, the moment of momentum of the system round the 
axis of z 






+ t 



, du' , dx\ 



n-> 



,-^dy'dy^ , __. dx' d^^ 



dt dt 



dt dt 



by (1) and (2); which proves the proposition for the moment 
of momentum. These results may be compared with those of 
Art. 32. 

96. The latter part of each of these expressions can be 
reduced by means of the formulae (8) of Art. 7. 



80 ON CERTAIN GENERAL PRINCIPLES. 

The portion of the kinetic energy due to rotation round 
the centre of inertia becomes thus, 

if ©,, (i)y, 0), be the angular velocities round the axes. 
This reduces to 

— 2(D^(i)^my'z' — 2(Dfi>^Xmzx — 2(»^<i)ySma;'y'} 

with the notation of Art. 34, 

= ^ 7(0* by the same Article, 

where I is the moment of inertia about the instantaneous 
axis and « the resultant angular velocity, the direction - 

cosines of the instantaneous axis being — ^ , —* , — . 

® O O) ' ft) 

. It follows from this result that equation (4) of Art. 71 is 
merely the expression of the principle of Conservation of 
Energy in that particular problem. 

97. The portion of the moment of momentum round 
the axis of z due to rotation round the centre of inertia is 

, dy' , dx'' 



^-(^f-^a 



= Sm [x' (oj'g), - /ft) J - y' {zcd^ - y'ft),)} 

= ft),Sm (a?'* + y^) — co^my'z' — a>, ^mz'x* 

= Cfi), — A'o)^ — B'cD^y 

and similar results for the moment of momentum round the 
other axes. 

If the axes be principal axes the moments of momentum 
round the axes reduce to Jg)„ Bto^ and C(o^ respectively; 

98. If Z, m, n be the direction-cosines of any line OP, 
the moment of momentum of the body round this line will 
be equal to lh^-\-mh^ + nh^, where A^, h^, \ are the moments 
of momentum round the axes. This follows from the fact 
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that the moment of momentam of a particle of mass fi, round 

dA 
any line as the axis of Zy can be expressed as 2/a -^ , where 

A is the sectorial area described by the projection of the 
particle on the plane of ocy round the origin. Thus the 
portions of h^hty hj^ty hj^t arising from the motion of this 
particle are ultimately the products of fi into the projections 
on the co-ordinate planes of the area of the triangle whose 
angular points are the origin and two consecutive positions of 
the particle, and the projection of this triangle on the plane 
perpendicular to the line OP multiplied by ft, will give the 
corresponding terms in {Ih^ + mh^ + wA J St 

99. The result of the last article can also be proved 
analytically in the following manner. 

Let a new set of fixed rectangular co-ordinate axes be 
taken, of which OP is one; and let f, m', v! ; f, m", n' be the 
direction-cosines of the other two. Let x\ y\ z' be the 
co-ordinates of the point (a?, y, z) with reference to these new 
axes. 

Hence y ' = Vx + m'y + nz 

z' = l"x + m"y + n"z. 
Hence 

/ dy dx\ ^ t( dz dy\ . / dx dz\ 

by means of the usual relations between l, m, n, I'y m\ n', 
I", m'\ n". 

This proves the proposition for one particle, and by sum- 
mation it follows for the whole system. 

A. P. 6 



82 ON CERTAIN GENEBAL PRINCIPLES. 

100. If a body be moving about a fixed point and \, h^, h^ 
be at any time the moments of momentum about the co- 
ordinate axes, the equations of motion can be written 

If the forces acting have no moment about the fixed point 
so that i, M, N all vanish, it follows that Aj, A^, A, are all 
constant in value. Thus the moment of momentum round 
any line fixed in space will be also c onstant. 

If we assume a quantity H= Jh^^ + h^ + h^y there will 

be a line whose direction-cosines are -o^* 7/> "o^ > ^^^ if ^ be 

the angle between this line and any other line whose direc- 
tion-cosines are l^TRy n; the moment of momentum of the 
body round this second line = Ih^ + mh^ + nh^ 

= H cos 6, 
Hence the moment of momentum round the line (?,, m^, n,) 
is always less than H except when ^ = 0. The line whose 
direction-cosines are proportional to h^, \, \ has therefore the 
property that the moment of momentum round it is greater 
than that round any other axis. 

It is obvious firstly that this line is fixed throughout the 
motion, and secondly that it is the same line whatever axes 
may be taken. 

101. If the axes at any instant coincide with the princi- 
pal axes at the fixed point, by Art. 97, li^ = -4a>,, \ = Bay^ 
^3= Cco^ Hence the line round which the moment of 
momentum is a maximum, coincides with the invariable line 
of Arts. 72, 73. We thus obtain another proof of the 
invariability of this line in space. 

We see also that equation (5) of Art. 71 is merely the 
expression of the result given by the law of Conservation of 
Moment of Momentum. 

102. The proposition of Art. 100 applies to the motion 
of a system of bodies acted on only by their mutual attractions 
or repulsions. In every such system by Art. 26, the centre 
of inertia is either fixed or moves with uniform velocity in a 
straight line. 
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If this point be taken as origin the equations of motion 
are the same in fonrt as if it were a fixed point, and in virtue 
of the principle that action and reaction, whether they are 
linear or angular in their mechanical tendencies, are always 
equal and opposite, i, if and N all vanish for the whole system. 
Hence the,moment of momentum of the system round any line 
through the centre of inertia remains constant through the 
motion : and there is one line round which this moment is 
greater than round any other. This line is called the invari- 
able line of the system, and a plane through the centre of 
inertia perpendicular to it is called the invariable plane. 

103. The principles of Conservation of Momentum and 
of Moment of Momentum hold good even if there be any im- 
pulsive actions, or if any explosive actions, entirely arising 
within it, take place between the parts of the system during 
the motion. 

104. In the case of a single body moving in a plane the 
expressions for the kinetic energy and moment of momentum 
are somewhat simplified. 

Let us take the plane of motion as plane of xy and let 
X, y be the co-ordinates of the centre of inertia. Let also 
be the angle which some line fixed in the body makes with 
the axis of a?, M the mass of the body, and J/A* its moment 
of inertia round a line through the centre of inertia perpen- 
dicular to the plane ofxy, which, if the body be a plane lamina, 
or symmetrical with respect to the plane of a?y, is a principal 
axis (Arts. 38, 40). Then, by Articles 95 and 96, the kinetic 
energy of the body can be expressed as 

while, by Articles 95 and 97, the moment of momentum 
round a line perpendicular to the plane of ocy will be 

^^(4-^1) + ^^5 » 

If the position of the centre of inertia be given by polar 
co-ordinates r and <f>, we know that 

o'H%'-($h''m (=). 

6—2 



iJf 
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" dt ^dt~^dt 



(4). 



which give us other forms, sometimes more convenient, for 
the kinetic energy and moment of momentum. 

105. As an instance of the application of these principles 
let us take the following problem. 

Two uniform rods AB, jB (7 jointed at B can rotate freely 
in a horizontal plane about the end A which is fixed. It is 
required to find the positions and velocities of the rods at any 
time. 




Let AB, BG make angles 0, (f> with some fixed line Ax at 
the time t, and let x\ y' be the co-ordinates of the middle 
point of BGy referred to Ax and a line perpendicular to it 
through A as axes. Let AB= 2a, BG = 26; let M, M be the 
masses of the rods, and A;, Ic' their radii of gyration about 
their centres of inertia. Then the actions of the rods on 
each other at B, and the action of the fixed point at A will 
not affect either the energy or the moment of momentum. 
Hence by the principle of Conservation of Energy, 

^ («.. *, (f )V w {g)V (f )} . m;- (f )■- .^. 

Also by the Conservation of Moment of Momentum, 

if (a« + le) f + W {.' %-y' I] + if' P f = constant. 

^ The values of the constants must be determined from 
initial circumstances. 
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Prom the geometry we obtain 

a! = 2a cos ^ + 6 cos ^, 
y' = 2a sin ^ + J sin ^, 
whence 

Thus the two equations above enable us to determine 
-T- and -^ in terms of constants and (^ — (f). 

106. It may not be without value to the student to 
solve the above problem by the use of the general equations 
of motion. 



-ar-f-^-fl 




>jir 




We may assume that the action of the fixed point A on 
AB has for components parallel to the axes X\ F', and that 
the action of AB on BG at B has for components in the same 
directions X, F. The action of BG on AB is exactly «qual 
and opposite to that of AB on BG. Let «?, y be the co-ordi-^ 
nates of the centre of inertia of AB, and let other quantities 
be denoted as in the last article. Then by equations (2) of 
Art. 79, we have for the motion of the centre of inertia of ABt^ 



M^ = X'-X. 



dr 



(1). 
.(2). 
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and by equation (1) of the same article 

ifF^=(Z+X>8in^-(F+ r)acos0 (3). • 

The geometrical relations give 

a; = acos^, y = asin^ (4}). 

We may notice that by equation (6) of Art. 52, since A is 
a fixed point we can at once write down the equation 

M{a' + k')^=Xasm0-Yaco80 (5), 

which may replace (1), (2) and (3) if we do not wish to find 
the values .of X' and Y'. Equation (5) can also be obtained 
from (1), (2) and (3) by eliminating X and Y' since by means 
of (4) it is easily proved that 

Jcos^-^sm5 = a^. 
For the motion of BG, we similarly have 

^w=^- («)' 

^w=^- (^>' 

M'k'* '^ = Xbain<f>-Tbcoa4>... (8), 

and for geometrical relations 

x' = 2acoB0 + b cos (p, y = 2a sin ^ + 6 sin ^ (9). 

107. If we multiply (1) by g , (2) by g , (3) by g , 

(6), (7) and (8) ^7 "^ > ^ ^^^ "^ respectively and add all 

the results, the coefiicients of X\ Y\ X, and Y will vanish 
identically by means of (4) and (9). The coeflScient of X for 
instance is 

dx ^ . /idd dx' T^ , , dd) 
at dt dt ^ dt 
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. /% d0 , . ^d0 gj , ^dO T • . «9 

= a sin ^ -3- + a sin ^ -TT -- 2a sm ^ J- — 6 sin <p --J- 
dt at at ^ dt 

+ J sin ^ -^ = 0, 

by diflferentiating the first equations of (4) and (9). 
Hence 
ilfi^dx.^dy , p(f(9 dff) .Ad^x'doi d^y dy\ .^^^d^\ _ 

\di? dt'^ dfdt'^'^ dt' do 1^^' dt ^ de dt ■^'^ df dt) " 



Therefore integrating 



which is the same as the first equation of Art. 105. 



= constant. 



• Multiplying (1) by — y, (2) by x, and adding to (3) we 
get in virtue of (4) 

^Mvd^ y de)^'^ dt 



= X . 2a sin ^ — F. 2a cos 0. 



Treating (6), (7) and (8) similarly, we get by meany 
of (9), 

•^' {(''' S" "■ ^'S") "^ ^ " w\ " ^' ^"^ ''''^ 0-X.2a sin 6. 

And by adding these and integrating we get the second equa- 
tion of Art. 105. This problem may serve as an example 
of the method of deducing the equations of conservation of 
energy and moment of momentum from the regular equa- 
tions of motion in any cases in which the principles apply. 

108. It only remains to show how the constants may be 
determined from initial conditions. 

Suppose as an instance that the rods are originally lying 
at rest in a straight line, and that an impulse P is applied to 
the middle point of J5(7 at right angles to its length. There 
will be a sudden impulsive action between AB and BG dX B 
and also a sudden impulsive action at A on AB, Let these 
act as represented in the figure. Let u\ v be the initial 
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velocities of the centre of inertia oi BG along and perpen- 
dicular to BGy u, V those of the centre of inertia of AB, and 
let o), ©' be the initial angular velocities of AB and BC 
Then by Articles 28 and 64 we have for the motion of AB, 

A. A 



Mu^r^X, Jlfi;=r+ r, -afA;»o> = (r-r)a...(l); 
and for the motion of BGy 

Mu'=^X, MV==P-Y, Mk''co' = Yb (2). 

Also the velocity of the point A vanishes, whence by 
Art. 8, 

u = v-aG)=0 (3). 

And the velocity of the point B in AB is the same 
as that of the point B of BG, whence 

u = u\ v-\'aa) = v''-ba)' (4). 

These equations give at once 

w = 0, w =0, X=0, Z' = 0, 

and by substituting for v, v\ ©, <o their values from 
(1) and (2) in (3) and (4) we get 

r-hr-p(r-r)=o 



M M 

whence Y and Y are found, and then g> and to which are the 
initial values of -^ and -^ . The constants on the right-hand 
sides of the equations in Art. 105 can then be determined. 
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A similar investigation will determine the angular 
velocities if the rods be originally moving in any manner and 
strike against a fixed obstacle; or if one point becomes fixed. 
The reactions at the fixed point are unknown, but the 
geometrical condition of the point being fixed will supply the 
other equations necessary for determining them. 
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1. A straight tube of given length is capable of turning 
about one extremity in a horizontal plane; a particle of mass 
one-third that of the tube is placed at a given point within 
it at rest, an angular velocity is given to the system, deter- 
mine the velocity of the particle on leaving the tube. 

2. A horizontal tube is rotating about its middle point 
in a horizontal plane in which it is constrained to move; a 
rod of equal length and mass is shot into it; determine the 
initial velocity of the rod that its middle point may just 
reach that of the tube; and during the motion determine at 
what point the resultant action between the two acts. 

3. A heavy circular disc is revolving in a horizontal 
plane about its centre, which is fixed. An insect walks from 
the centre uniformly along a certain radius, and then flies 
away. Determine the whole motion. 

4. A circular disc is moving uniformly with an angular 
velocity XI, about an axis through its centre perpendicular to 
its plane. An insect alights on the edge and crawls along a 
curve drawn on the disc in the form of a lemniscate, with 
uniform relative angular velocity a, the curve touching the 
circle. If a = ^ A, and mass of insect = jV i^&ss of disc, then 
the angle turned through by the disc when the insect arrives 
at the centre is equal to 

7f'^^ 3"4- 
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5. A rough horizontal plane lamina is capable of ro- 
tating freely round a vertical axis. If a heavy particle of 
mass m be placed at any point upon it, aud an angular 
velocity o be given to the plane, show that the length of the 
arc traversed by the particle on the plane when it just comes 

to rest relatively to the plane will be ^ <w(a> — o)'); o)' 

being the ultimate angular velocity, Mif the moment of 
inertia of the lamina about the axis of revolution, and fi the 
coefficient of friction. 

6. Three equal rods placed in a straight line are jointed 
by hinges to one another, they move with a velocity v per- 
pendicular to their lengths: if the middle point of the 
middle one become suddenly fixed, show that the extremities 

of the other two will meet in time -^ — , a being the length 

of each rod. 

7. Three equal uniform inelastic rods loosely jointed 
together are laid in a straight line on a smooth horizontal 
table, and the two outer ones are set in motion about the 
ends of the middle one with equal angular velocities (1) in 
the same direction, (2) in opposite directions, prove that, in 
the first case, when the outer rods make tbe greatest angle 
with the direction of the middle one produced on each side, 

the common angular velocity of the three is -^ , and in the 

second case, that after the impact of the two outer rods, the trir 
angle formed by them will move with uniforoi velocity equal to 

-—p , 2a being the length of each rod. 

8. ABy BC are two equal uniform rods in a straight line, 
loosely jointed at B and moving with the same velocity in a 
direction perpendicular to their length; if the end A be 
suddenly fixed, show that the initial angular velocity of AB 
is three times that oi BC, Also show that in the subsequent 
motion of the rods the greatest angle between them equals 
cos"* |, and that, when they are next in a straight line, the 
angular velocity of -B (7 is nine times that of AB, 
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9. A wire in the form of a circle is capable of revolving 
in a horizontal plane about a fixed point in its circumference, 
and two small rings attached to the ends of a rod slide upon 
it; the wire is set rotating with a given angular velocity: 
determine the subsequent motion. 

10. A square, formed of four similar uniform rods 
jointed freely at their extremities, is laid upon a smooth 
horizontal table, one of its angular points being fixed; if 
angular velocities », o' in the plane of the table be com- 
municated to the two sides containing this angle, show that 
the greatest value of the angle (2a) betweQ^ them is given by 



. , . rt 5 (d) — ft)')* 

the equation, cos 2a = — ^ — « ^ 

O O) +0) 



11. A rectangle is formed of four uniform rods of 
lengths 2a and 26 respectively, which are connected by 
hinges at their ends. The rectangle is revolving about its 
centre on a smooth horizontal plane with an angular velocity 
to, when a point in one of the sides of length 2a suddenly 
becomes fixed. Show that the angular velocity of the sides 

of length 26 immediately becomes ^ jr o>. Find also the 

change in the angular velocity of the other sides, and the 
impulsive action at the point which becomes fixed. 

12. A uniform rod is moveable freely about one end on 
a horizontal table, and the other is fastened to a particle of 
equal mass by a string of equal length with the rod. Initially 
the rod and string are in one straight line, the particle at 
rest, and the rod has an angular velocity given to it. Show 
that when they are again in a straight line, the angular 
velocity of the string is to that of the rod as 5 : 4 and the 

greatest angle between the string and rod is cos"^ - — ^ . 

13. Two uniform rods OA, AB of lengths 2a, 26 and of 
masses proportional to their lengths are hinged at A and are 
rotating round the fixed hinge in the same straight line 
and with the same angular velocity when the outer AB 
comes against an obstacle P. If the position of this be such 
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as to reduce both rods to instantaneous rest, prove that 

14. A system consisting of two straight rods rigidly 
connected together at their points of intersection is moving 
in its own plane so that each rod is in contact with one of 
two smooth pegs. Prove that no impulse which acts at the 
point of intersection and towards the centre of the circle 
round the point of intersection and the pegs can have any 
effect on the motion. 

15. A uniform rod of length 2a can turn freely about 
one extremity. In its initial position it makes an angle of 
90* with the vertical, and is projected horizontally with 
angular velocity a> : show that the least angle it makes with 
the vertical is given by the equation 

4afi)* cos d = Sg sin' 0» 

16. A rod of length 2a moveable about its lower end 
is inclined at an angle a to the vertical, and it is given a 
rotation a> about the vertical; if be its inclination to the 
vertical when its angular velocity about a horizontal axis is a 
maximum, show that 

sin' .ianO-hji- G>'sin*a = 0, 

17. A body whose centre of gravity is fixed receiv es a 

'JB — A. 
blow P, the direction-cosines of which are — ,^==, 0, 
nG — A 

■ . ; -4, J?, (7 being the principal moments at the centre 

V C — A. 

of gravity of the body. Prove that the whole vis viva gene- 
rated varies as the square of the perpendicular from on 
the direction of P. 

18. Two uniform unequal rods AB, BC are hinged at B 
and supported in one vertical line so as just to touch a 
smooth horizontal plane at G. The support is withdrawn. 
Find the motion, and show that when they are both hori- 
zontal the distance through which the centre of BG has 
moved horizontally is 

-A X half the difference between the lengths. 

sum of masses ° 
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109. We have referred all the motions considered, to 
axes fixed in space, with the exception of those in Articles 
66 — 77, where the co-ordinate axes revolved with the body. 
Some problems are simplified by referring the motions to 
axes which move in a manner independent of the motion of 
the body, and we proceed to investigate a few of the principal 
formulse relating to such axes. 

110. When the co-ordinates of a point referred to fixed 
axes are x^ y, z, the velocities of the point parallel to these 

axes are tt > -^ $ ^n* This will no longer be the case if the 
dt at at 

axes are moving. 

Let Zj, m^, rij ; Z,, m,, n^ ; Z,, m,, n^ be the direction-cosines 
of the moving axes with reference to axes fixed in space ; let 
f , f), f be the co-ordinates of a point referred to the moving 
axes I a, y, z the co-ordinates of the same point referred to 
fixed axes. 

Then a:=-h^+hv + h^ 

y-m.f + mjiy + mjf 
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by a reduction identical with that of Art 7, if 0^y 0^, 6^ be 
taken to denote the angular velocities of the system of 
moving axes round the axes of x, y, z respectively. Now if 
we suppose the fixed axes so taken as to coincide at the 
instant with the moving axes, the above equation gives us 

that is the velocities parallel to the instantaneous positions 
of the moving axes are represented by 

S-^.''+^.f' 1-^.^+^.?. f-^.^-^^."' 

where 0^, 0^, 0^ are the angular velocities of the system of 
moving axes round lines which at any instant coincide with 
the moving axes, or, in other words, the angular velocities of 
the system round themselves. 

11] . We have shown in Art. 67 that if a>^ and q)^ be angu- 
lar velocities of a rigid body round lines, one fixed in space and 
the other fixed in the body, which at any instant coincide, not 

only is co^ equal to w^ which is obvious, but also -^is equal 

Let o),, ft)y, 6), be the angular velocities of the body at any 
instant round axes fixed in space, w^, «,, cDj the angular 
velocities round axes which are themselves revolving with 
angular velocities 0^y 0^, 0^ about themselves, we have mth 
the notation of the last article, 

ft), = h^i + h^2 + K^r 
Therefore 

dco^ J do) J dft) , do) , dl , dL . dl. 

by the same reduction as before, if 0^, ^^ be the angular 
velocities of the moving set of axes about the fixed axes of 
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y and z. If now at the instant tlie moving axes coincide with 
the fixed axes, 

Similarly ^= _^._^^o,. + ^.«. 

The student will see that these include the result of Art. 
67, in which case 0^ = o^, 6^ = o),, ^, = w^. 

112. The results of these two articles can be obtained 
geometrically more briefly. 

Let P be a point whose co-ordinates referred to the moving 
axes are at any instant f , 77, f. Let P' be its position after a 
time ht and let f +S^, ^ + 817, ?+ Sf be the co-ordinates of P'. 
Let P" be a point who.^e co-ordiuates referred to the moving 
axes after the interval of time ht are f , ^, f. Then the pro- 
jection of PP on any line, as the axis of x in its original 
position, is the sum of the projections of PF' and P'P\ 
The projection of F'P' on this line is ultimately Sf, while 
that of PF'y which is simply the displacement of a point 
moving rigidly connected with the axes, is by Art. 7, equal to 
{O^^—O^ri) St Hence the whole projection of PP' on the 
axis of X is ultimately S^ + {0^— d^q) ht, and the velocity of 

P parallel to Ox is -^-^O^^—O^rj) similarly the velocities in 

the other directions can be obtained. 

We have seen in Art. 14 that all propositions about the 
composition of linear velocities parallel to given lines, hold 
also in regard to the composition of angular velocities about 
those lines, whence the results of Art. Ill follow from those 
of 110. 

113. The relations of Art. Ill can be used to modify 
the equations of Art. 68 in one case of not infrequent occur- 
rence, namely, when two of the principal moments of inertia, 
as A and P, at the fixed point are equal. In this case 
the momental ellipsoid becomes a spheroid and any axis 
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whatever in the plane o( AB is b, principal axis. The two 
axes of A and B may therefore rotate in any manner in their 
own plane without altering the conditions on which the 
equations of Art. 68 are obtained. The only alterations we 
shall have to make, besides putting B=^A, will be to write 

-^ — ^,6)j for --j-^ and -tt-' + 0^(o^ for -j^, where 0^ is the 

angular velocity of the axes of A and B round that of C7, 
The equations of motion thus become 

One assumption, sometimes advantageous, is that 0^ = — ©^, 
The equations then r^duce to 

dt ' » 

at 

The discussion of the applications of the theory of moving 
axes is however beyond the limits of an introductory treatise 
and must be sought for in the larger works on the subject. 

114, There are two classes of problems in which we do 
not require the complete solution of the equations of motion, 
but merely the determination of the values of certain quantities 
involved in them at certain times or under certain limitations 
as to magnitude : the problems of what are called " initial 
motions '* and " small oscillations." 

115. Each of these classes will be best illustrated by the 
actual solution of a problem, and an exceedingly simple one 
will do for the purpose. 
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Suppose a bar AB hangs horizontally, suspended by two 
equal vertical strings fastened to the ends. One of the 
strings is cut. It is required to find the instantaneous 
alteration in the tension of the other. 

In this case it is not difficult, and it may be useful to 
the student, to write down the equations of motion corre- 
sponding to the position at a time t after the string has been 
cut. 

Let then GA be the remaining string, of length I. Take 
C as origin, and horizontal and vertical lines through G 
as axes of x and y. Let the length of AB be 2a, its mass M, 
and Xy y the co-ordinates of its middle point. Let and ^ 
be the inclinations of CA and AB respectively to the horizon. 
Let T be the tension oi AG. 




) 



Then for the motion of AB, we have by Art. 79, 

M^=^-Tcose 

at 



M^=Mg-Tamd. 
Mk* ^^^Ta sin {0-4>). 



.(1). 
(2), 
(3). 



The geometricStl conditions give 

a7 = Zcos^ + acos <^.. (4), 

y = Zsin^ + asin^ (5). 

We thus have five equations to determine the five quan- 
tities Xy y, 0, ^, r. , 

A.D, 7 
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One integral relation independent of T could be ob- 
tained by multiplying the first three equations ^Y -Ji^ -^ 

and -^ respectively ; adding the resulting equations, the co- 
efficient of T would be found to vanish. This would give us 
the equation of energy. (Arts, 92 — 94.) 

To find another integral relation independent of T, some 
special artifice would have to be adopted. We do not how- 
ever want to solve the problem completely but only to dis- 
cover the initial value of T. 

If we differentiate each of the equations (4) and (5) 
twice with respect to t, we obtain 

_ = .Zsm^^-asm<^^-Zcos^^^j-acos.^(^^j , 
At the very beginning of the motion -^ and -^ both 
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vanish, and 6 and ^ have the values ^ and zero respectively. 

Therefore initially^ that is, at the very instant when the 
string is cut, 

^ ,d^ dV_ ^ 

df df' df^^dt^' 

Hence equations (1), (2) and (3) become 

From the last two of which 

r~^-« sinceJ- = |". (Art. 41.) 

Hence since the tension of the string was — before the 
other one was cut, it is diminished by one-half. 
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116. Any other similar problem can be treated in the 
same way. Tlie dynamical equations need however only be 
written down with the values of the right hand members in 
the initial positions. The geometrical equations must be 
written down for the general position and differentiated twice. 
In the results thus obtained the initial values of the geometri- 
cal quantities can be substituted, those of the first differential 
coefficients being zero. The second differential coefficients 
can then be eliminated between the geometrical and dynami- 
cal results and the initial values of the reactions and tensions 
obtained. 

117. The general equations of .motion of a body or 
system of bodies always contain the second differential 
coefficients of the quantities which serve to determine the 
position of the bodies. We may call these quantities the 
co-ordinates of the bodies. From the equations of motion we 
can deduce the values of these co-ordinates which correspond 
to the position of equilibrium, by equating the accelerations 
to zero. If we assume that the co-ordinates have values 
slightly differing from those which give equilibrium, we can 
obtain a series of differential equations of the second order, 
and linear as regards the increments of the co-ordinates, any 
term involving any one of them being expanded as far as the 
first power of the increment. If between these equations we 
eliminate the unknown reactions, we shall arrive at a series 
of equations of the form 

a^ + 6-^+ +'Kx + fiaf + = 0, 

where x, x' are the increments of the independent quan- 
tities which determine the position of the body. If the 
solutions of these equations, of which the number is the 
same as that of the quantities to be determined, can be 
expressed in the form of sines or cosines of multiples of t 
without exponentials, then the motion is oscillatory, and the 
position of equilibrium is a stable one. If on the other hand 
the solution involves exponential functions of t, the values of 

X, x' may some, or all, of them increase indefinitely with 

tf and our supposition that they are small will be erroneous. 

7—2 
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In this case the motion is not oscillatory and the equilibrium 
is unstable. 



118. A single example i^ill suffice. 

Two equal heavy rods AB,AC, each of mass M, hinged at 
A rest symmetricaUy in a vertical plane over a smooth 
cylinder. It is required to find the position of equilibrium, 
and the time of a small oscillation if displaced from that 
position. 




Let the length of either rod be 2a, and let c be the radius 
of the cylinder. Let a horizontal and vertical line through 0, 
the centre of the cylinder, in the plane of the rods be taken 
as axes; let x, y be the co-ordinates of the centre of inertia of 
ABy and the inclination o(AB to the horizon. Let B be the 
pressure of th^ cylinder on ABy and X the action of AC on 
AB which from considerations of symmetry we shall assume 
to be horizontal. Then for the motion of AB, by Art. 79, 
we have 

M^^X+Bsind (1), 

M^^Rco^e^Mg (2), 

Wi*^=B.GE+Xa^n0 (3). 
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The geometrical conditions give 

x=^acos0 (4), 

y'"7;:ra~^^^^ (^)' 

cos u 
GE-=a-ciajie (6). 

The position of equilibrium is obtained by equating 

^ ^and^ 
df de ^"""^ di? 

to zero. We thus obtain, if a be the value of d in this position, 
eliminating JS and X between (1) and (3), and substituting 
for OtE its value from (6), 

a^ c tan a 

; = sm a, 

asm a 

Therefore a (1 — sin* a) = c tan a, 
or acos'a = osina ; (7). 

119. If the rods be slightly displaced from this position 
we ; may suppose that d =s a + ^, where <^ is a small quantity 
whose square and higher powers may be neglected. 

We have then from (4) and (5), 

a? = acos (a + ^) =acosa — asina.^, 
by Taylor's Theoremj 

y = — 7 — r-TT— a sin (a + ^) = asin a 

^ cos (a + ^) ^ ^' cos a 

. (c sin a \ 

4- <t \ a cos a 

^ V cos a / 

c 

~cosa 

Hence, to the order of approximation required, we have 
d? — ^^'"""-d?' d^«" ' de^df' 



— a sin a, by (7). 
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Multiplying (1) by a sin and subtraeting from (3), X dis- 
appears, and we obtain 

M il? -^ — a^m ^^j=JJ(a — ctan^ — asin"^ 

= J2 (acos* ^ — c tan ^, 
or substituting the approximate values 

if (i'+a'sin"a) -^=-B(acos*a — ctana) 

— £ I 2a sin a cos a H t-\4> 

\ cos"a/^ 

= -i?(2asinacosa + -^^)^ (8) by (7). 

Also (2) gives 

= JB cos a — Mg — 22 sin a . ^. 
Hence 

COS a — 9 sm a cos a ^ ^ ^ 

approximately. 

Substituting for R in (8), and neglecting squares and 
higher powers of ^, we obtain 

Mijf + a' sin" a) -^^^Mga r2sin a + -^j . j>. 

Therefore ^+ .^^f,f!"V.\\ .<A = (9). 

dr 8ma(A;^ + a sin"a) ^ ^ ' 

Thus the motion is oscillatory and the time of a complete 
small oscillation is 

j^ /sin a (A* + a' sin*a) 
V a^ (2 sin*a + 1) ' 

where a is determined in terms of a and c by (7). 

120. In the preceding problem there is only one inde- 
pendent co-ordinate to determine the position of the system. 
In such a case another method of arriving at the result is 
available. 
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By multiplying (1) by ^. (2) by §, (3) by g, and 

adding we shall find that the coefficients of X and U on the 
right hand side vanish in virtue of (4), (5) and (6). Hence 
integrating, we obtain the equation of energy, namely 

^{(S)"^(l)'+''(s)}-<'-^^-o»)- . 

dsc cLti 
and substituting in this ^^"^-jiy-ii ^^'^ V their values in terms 

of 6 we obtain 



|a» sinV + i^^^Q - o cos «)' + ifc» 




If we denote the co-efficient of {tt) hy the symbol A 

and differentiate both sides of the equation with respect to 
we obtain 

5^UJ+2^d? = "25r(^^^-acos^j. 

If we now suppose to have a value a + ^ where a is the 
same as before, and neglect squares and higher powers of <f> 

and consequently of -^ , this equation gives, expanding the 

right hand member by Taylor's Theorem, 

./1+sin'a, . \ 
^ 2 sin»a + 1 

= — M • . 

^ ^ Sin a 
the same equation as before. 

121. The general theory of the small oscillations of a 
system of bodies when their positions depend on a large 
number of independent quantities, which involves the investi- 
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gation of the conditions of the stability or instability of equi- 
librium, is beyond the scope of this treatise. The foregoing 
example will give the student an idea of the method to be 
employed in the simple cases that are likely to come before him. 

122. It is sometimes required to investigate the tendency 
to break at any point of a rod or wire in motion. We assume 
that the student is familiar with the statical theorem that 
the tendency to break at any point of such a rod in equi- 
librium, is measured by the moment of all the forces which 
act on the rod on either side of the point. When the rod is 
in motion we must introduce in addition to the impressed 
forces the reversed efifective forces which, by D'Alembert's 
principle, form with the impressed forces a system in equi- 
librium. The tendency to break at any point will then be 
measured by tlie sum of the moments of all the impressed and 
reversed efifective forces acting at points on one side of the 
point considered. 

As an iUustrdition We maty take the following problem. 




A uniform rod AB moveable about one end A, falls from 
rest in a vertical position : it is required to find the tendency 
to break at any point P of the rod when it is inclined at an 
angle to the vertical. 

By the equation (6) of Art. 52, we have 
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if 2a be the length of the rod, and k its radius of gyration 
about its middle point. 

Also if Q be any point of the rod further from A than P, 
and AQ = u, the eflfective forces on an element of the rod of 

-T7 1 along QA, and mdu . u -ra perpen- 
dicular to AB in the direction of ^increasing, m being the 
mass of a unit of length of the rod. The former of these 
reversed has no nioment round P; the moment of the latter 

cPff 
reversed round P is mdu . w -^ -(t* — ^), if AP = z. 

The moment of the weight of this same element round 
P is mgdu . (m — 2) sin 0. 

Hence the whole tendency to break at P is measured by 
^1 ](^' — ^^) "^ — 5^(w — -sr) sin^j-rfu 

. ^fa(i6a'-12a'i? + «') 4a*-4a^ + -^] 

^'^''''^\—QV^rw) — 2 \ 

. ^fl6a»-12a'^ + ^ 4a»-4a^+-?'] 
= ^^sm^| ^^ 2— [' 



since ^' = o , by Art. 41, 
= ^^sm^ 8^ 

It may be noticed that this expression vanishes, as of 

course it ought to do, at each end of the rod, and has its 

2a 
greatest value at a point for which « is -^ . 
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1. A horizontal rod of mass m and length 2a hangs by 
two parallel strings of length 2a attached to its ends : an 
angular velocity a> being suddenly communicated to it about 
a vertical axis through its centre, show that the initial in- 
crease of tension of either string equals — -r— , and that the rod 

will rise through a space -^ . 

2. A parabolic lamina, cut off by a chord perpendicular 
to its axis, is kept at rest in a horizontal position by three 
vertical strings fastened to the vertex and the two extremities 
of the chord ; if the string which is fastened to the vertex be 
cut, the tension of the others is suddenly decreased one-hal£ 

3. A uniform square lamina is supported in a horizontal 
position by strings of equal length attached to opposite ex- 
tremities of a diameter ; if one of the strings be cut, deter- 
mine the instantaneous change of tension of the other. 

4. Two equal uniform rods, of length 2a, are joined 
together by a hinge at one extremity, their other extremities 
being connected by an inextensible string of length 21. The 
system rests upon two smooth pegs in the same horizontal 
line, distant 2c from each other. If the string be cut, prove 
that the initial angular acceleration of either rod will be 

^ 8aT 32aV * 



P 



- Sa^cl 



5, An equilateral triangle formed of three equal heavy 
uniform rods of length a, hinged together at their extremities, 
is held in a vertical plane with one side horizontal and the 
vertex downwards. If after falling through any height, the 
middle point of the upper rod be suddenly stopped, the im- 
pulsive strains on the upper and lower hinges will be in the 
ratio of Vl3 to 1. 
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If the lower hinge would just break if the system fell 
through a height —p= , prove that if the system fell through a 

32a 
height — T= , the lower rods would just swing through two 

right angles. 

6. The upper extremity of a uniform beam, of length 
2a, is constrained to slide along a smooth horizontal rod 
without inertia, and the lower along a smooth vertical rod, 
through the upper extremity of which the horizontal rod 
passes; the system rotates freely about the vertical rod; 
prove that, if a be the inclination of the beam to the vertical 
when in a position of relative equilibrium, the angular velocity 

of the system will be f ^ — j ; and, if the beam be slightly 

displaced from this position, show that it will make small 
oscillations in the time 



47r 



i 



— (sec a + 3 cos a) 
a ^ ' 



V 



T, A heavy uniform rod AB has its lower extremity A 
fixed to a vertical axis, and an elastic string connects B to 

AB 

another point G in the axis, such that AG= —:= ; the whole 

is made to revolve round AG^ with such angular velocity that 
the string is double its natural length and horizontal when 
the system is in relative equilibrium, and then left to itself; 
if the rod be slightly displaced in a vertical plane, find the 
time of a vertical oscillation, the weight of the rod being suf- 
ficient to stretch the string to twice its length. 

8. A rod, which is the diameter of a circle, is capable of 
rotating in the plane of the circle about the centre ; every 
particle of an arc of the circle subtending an angle 4a at the 
centre repels every particle of the rod with a force varying 
inversely as the square of the distance : if the rod be slightly 



!^' 
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displaced from its position of stable equilibrium, prove that 
the time of a small oscillation, for different values of a, varies 

/cos 2a\i 

as (-^ . 

\ sm a / 

9. The middle point of a uniform rod is fixed midway 
between two centres of force, which attract with a force vary- 
ing inversely as the square of the distance. Prove that the 
time of a small oscillation is 



(^^-oy^j 



M 
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where M is the mass of the rod, 2c its length, 2a the distance 
between the centres of force, and ^— =- the attraction on an 
element Sx of the rod at a distance r. 

10. The extremities of a uniform heavy rod of length 2a 
slide upon two smooth wii*es which form the upper sides of a 
square whose diagonal is vertical : prove that the time of a 
small oscillation is 

Find the greatest angular velocity with which the square 
may be constrained to move about its vertical diagonal, with- 
out destroying the stability of the relative equilibrium of the 
rod when horizontal 

11. A rough cylinder of radius a loaded so that its centre 
of gravity is at a distance h from its axis is placed on a board 
of n times its mass, which can move on a smooth horizontal 
plane. Find the time of an oscillation when the system is 
slightly disturbed from its position of stable equilibrium, and 
prove that if Z be the length of the simple equivalent pendulum 

lh = J(^ + J!L-(a--h)\ 

n + 1^ ^' 

where k is the radius of gyration of the cylinder about a hori- 
zontal axis through its centre of gravity. 
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12. An elastic string has its ends fastened to tlie ends of 
a rod of equal length. The middle point of the string is 
fastened, and at that point is placed a centre of force which 

repels every particle of the rod with a force = /^'^\i • The 

rod is then moved parallel to itself through a distance equal 
to half its length. If in this position the elasticity of the 
string be such that the rod is in equilibrium, show that if 
slightly displaced perpendicular to its length, the time of a 
small oscillation will be 

13. A rod of length 2a and mass M is suspended by a 
weightless string of length 21 over two smooth pegs in the 
same horizontal line, whose distance apart is 2b, b being < a. 
When at rest in a horizontal position, it receives a blow Mv 
at one end in the direction of its length. Show that the 

initial velocity of the middle point of the string is v ^ — -r . 

14. A rod AB, of length 2a, is capable of motion in a 
vertical plane round its centre which is fixed. P and Q are 
two points vertically above and below and distant 6 from 
it. Two similar elastic strings of equal natural length are. 
fastened at P and Q and also to the end A of the rod. If 
the rod be pulled out of its position of equilibrium, and then 
let go, find the angular velocity in any subsequent position, 
supposing the string to remain stretched all through the 
motion, and show that the time of a small oscillation is 

^ V — ox i« ) where m is the mass of the rod and \ the 
coeflScient of elasticity. 

15. A wire in the form of the portion of the curve 
r = a (1 + cos 0) cut off by the initial line rotates about the 
origin with angular velocity -bj, show that the tendency to 

break at a point ^ = ^ is measured by — '—= w V, where 

m is the mass of a unit of length. 
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16. A wire is bent into a circular form and is placed with 
the diameter through the crack A vertical, and the other ex- 
tremity B of this diameter is fixed : it is then made to rotate 
with an angular velocity to about AB. Find the tendency to 
break at any point. 

17. A system consisting of two uniform rods -4(7, CB 
rigidly connected together at G, and at right angles^ is whirled 
away in any manner on an infinite horizontal smooth plane, 
so that every point always touclies the plau^ ; show that the 
tendency to break at any moment at is proportional to 

CA\GB' 

CA-^CB' 

18. The rigid body described in question 17 falls without 
rotation and strikes a smooth horizontal plane at B; if ther^ 
is no rotation produced by the impact, show that the inclina- 
tion of BC to the horizon is tan"* — tt^ • 

AO^ 

Find in that case the impulsive breaking strain at C. 

19. A circular wire is revolving uniformly about its centre 
fixed. If it be cracked at any point, show that the tendency 
to break at an angular distance a from the crack is propor- 
tional to sin* 2;, 

2 
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CHAPTER L 

1. 01^14 round the line 6aj = - 3y = 2z, 

2. Use Art. 17. 

4. By example 2 : by changing the rotation to one round a 
parallel axis properly chosen the velocity perpendicular to the 
axis of rotation can be destroyed. 

5. The fixed point and line are in each case the focus and 
directrix of the parabola. 

6. The focus of the parabola at each instant is the instan- 
taneous centre of rotation, the line itself is the tangent at the 
vertex. 

7. oo) parallel to one edge, a being the length of an edge. 

8.. Z tan"*- +77itan"*- +wtan-*- = 0, 

X y z 

where h = Jyz -^zx^ xy, 

9. Use last paragraph of Art. 3. Yes, — ^round a line perpen- 
dicular to each of the two straight lines* 



CHAPTER IL 



1. (a) The acceleration of the chain 

= -j-^ (sin o + sin j8) - sinj8> ^, 
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where x is the length on the plane inclined at an angle a to the 

<Px 
horizon, and I its whole length. Equating this to -^ and integrating, 

the motion can be determined. 

(y) The motion is given by an equation 

2. Backwards, for the centre of gravity must descend verti- 
cally. 

3. When the oarsmen move their bodies the boat must move 
in an opposite direction. The water opposes less resistance to a 
sudden rapid motion of the boat- through it than to a slow one. 

4. Solve as a statical problem, applying to each element of the 
rod a force m&s . ro)' perpendicular to the axis of rotation. 



CHAPTER III. 

3. (1) M- ^-^ ' ; r^, r, being the radii vectores of the 

extremities. (2) M tt-?- • 

4. (1) ^^;£-^;'. (2) TV:,i^«'. (3) M^^.• 

» 
-. 3i/A*tan"a ,^. Sif..,- . , . 
^- ^^^ 10 • ^^^ -^A«(l + itan»a). 

(3) ^'sin'a(3 + Jtan'a). 

8. - ^~ sin* a (3 + J tan* a). 

6* + c* 

9. M —T — , the density being taken to be always the nume* 

7a* 
rical value of the given expression ; otherwise zero. 10. —\ 
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11. The solid is produced by the revolution of the curve 
r = a{l + cos 6) round the initial line. 

(1) M. 3^. (2) M. ^^3 . 

12. Deduce from Art. 46 by similar triangles. 

13. Divide the tetrahedron into triangular slices by planes 
parallel to the face opposite the given angle. To each of these 
slices apply the result of the last question. If h^, h^ h^ be the 
perpendicular distances of the other three angular points from the 
given plane, the required moment 

M 

= 10 ^^' "^ ^'' ""^'^ ^ ^*^^'' ■*■ ^''^' "^ ^**^*'^' 

14. Deduce from 13 by the Jielp of Arts. 32 .^nd 34. 

15. Take the given edge as axis of z, any point in it as 
origin, and the plane through it and the middle point of the opposite 
edge as plane of zx. The required condition is that the two oppo- 
site edges are mutually perpei^dicular. Use Example 14. 

16. Use Example J 4. 

17. One axi« will be the tangent to the base at the point 
required. By Example 7 cakulate the principal moments at the 
centre of inertia, and by Art. 37 obtain the equation of the 
momental ellipsoid at the point required. 

18 and 19. Use Ai-t. 37. 21. ^^. 

22. Use Art 37. 



CHAPTER IV. 



2. The distance of each axis from the parallel one through 
the centre of inertia can be determined in terms of the required 
radius of gyration. 

A. D. 8 



IH ANSWERS TO EXAMPLES. 



4. The equation of motion is 

,„ ,v(3?"d • /I ^ ' a. nghcsinO 
(A* + a")-5-i= -aasm$-ng, . — sm0 + -7==-^ . 



^illation = 2ir ^ / , su 



Time of small oscillation = 2a- ^ / , since the terms with 

ag 

n when expanded do not contain a lower power than 0', 

5. The angular velocity of the rod and the linear velocity of 
the ball are reversed at each impact 

6. Take 7*^ jT, as the tensions of the string at the two ends of 
the horizontal diameter and write down the equations of motion 
of the plate and the two portions of string separately. Eliminate 
T^ and T^ and integrate. 

7. The greatest angular velocity is produced when the tangen- 
tial action is just fx times the normal action during each part of the 
impact. 



8 ViSI. 



, / 6,(V2-2sinD 
impulsive tension = -^o cos ^ / , ^^ 



Y 6 ^2 + 3 cos» I) 



$ being the angle between the door and doorway when stopped. 
For the other results proceed as in Art. 59. 

9 A 

10. By Art 55 the co-tangent of the angle required, in any 
position, 

_ (A;* + 3A') cot 6 -f h' tan 
3A« 

12. The motion is really one of rotation about the centre of 
the ring. 
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CHAPTER V. 

1. Use Art. 64, remembering that 0)^= o)s= ; A' = B' = C^ =0, 
and B = M. — = — . 



2. If <fi be the angle which the plane through the instan- 
taneous axis and the principal axis of C makes with the plane 
of AC, 

(1) 
tanrf>=-% 

^, . d<l> , . \^J "*"' ~ dt ^"^^"di 

therefore -rr = cos 6 . « , ■■ = » ,, : 

at ^ at (i)j -»• o)/ 

and use Art. 68. 

3. Differentiate 2w(y* + 2;'), &c., and use the formulsB of 
Art. 7. The angular momenta are given in Art. 65. 

4. Take the equations of Art. 68, putting A=^B: we easily 
get from the data 

where ^ is some constant. The equations give the values of 
Jdi^ + o)g and (1)3; V Wj* + 0)/ = -% . ^. 

5. From Art. 68 we get, by integration and having regard to 
initial circumstances, 

B{A-B)io,'-C(G--A)ioj'=0, 

whence the result follows. 

6. Use the equations (1), (2), (3) of Art 71, remembering that 
C = ^ + j5. 

7. Take C as the mean axis, and use the equations of Arts. 74 
and 71. 

Since k* — Ch^ it easily follows that the ratio of cd,' to co/ 
is constant; whence ^j; is constant by (1) of Art. 74, and therefore 
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-^ also by (3). And by integrating (2) the result can be obtained. 

To give the result in the question, C and B must be interchanged 
and G written for A;*. 



CHAPTER VI. 

1. The blow must be applied at the point which would be the 
centre of percussion if the axis were fixed. 

2. If fl? be the distance of the particle irom fixed axis, 

, A<ii A(t}X 

where M is mass of particle, v its Telocity after impact, and oi, <a 
the angular velocities before and after impact; therefore v is least 
when Mx' = A, A being the moment of inertia of the lamina 
about the fixed axis. 

3. The inclination of the rod to the horizon is given by 

Ma BiD.6 = M' {Jc^ + ^a* - 4ac cos 6> - c + 2a}, 

where Jf, M' are the masses of the rod and weight, 2a the length 
of the rod, and c the distance of the pulley from the hinge. 

4. Use Art. 80. 

6. If <^, B be the inclinations to the vertical of the rod and 
the radius to the point at which the end of the rod is fastened, they 
satisfy the conditions 

c sin ^ = 2asin ^ and c' ( -^ + M' sin* ^ ) ( , , . « if/ 

\2i J \dtj 6 \dt/ 

+ 2M'ac sin 6 sin €t> -^ -~ = C — 2M'g (c cos ^ -»- a cos ^). 

7. Write down the equations of motion of the disc and each 
rod sepai-ately. 

9. Take the acceleration of the centre of the ring along the 
tangent and normal to its path. If F, v be the velocities of this 
point at first and after a time <, w the angular velocity after time t, 
and ^ the angle between the initial normal and that at time <, we 
easily get v + oco = F, F = vc'**, as long as there is sliding. When 
perfect rolling begins v — aw. 



'^ . ,r. .:_. ^\ fdOy ^ iM'a'/d0V 
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10. See Art 81. 

11. Equations (1) and (2) of Art. 81 apply to the sphere. 
Equations (3) require - ym and + aro) for zero on the right-hand 
side, CD being the angular velocity of the disc at the time. For 
the motion of the disc we havei 

Whence can be obtained 

mk'^di + M(x-^-y-j-]= constant = mk * O, 

and the result follows. 

9 

12. See Arts. 85, 86 and also 95^ 96 for the value of the 
vis viva. 

13. Take the equations of Articles 85 and 86 and suppose 
an additional friction = eFf. If v" be the resulting velocity parallel 
to the wall 

and if the ball retraces its path, this = — evy since u" — — eu. 
Hence 2aa^ = 5v, which is 5 T cos a. 

14. Additional frictions F^^ F^, parallel to Ox and Oy, must 
be introduced into the equations of Art. 85 at the point of contact 
of the ball with the table. The problem must first be solved for 
an inelastic ball. We finally get 

whence t?" = i;— (1 + c). f (t^ + aco), 

and equating this to — ev the result follows. 

15. If X, y, fn be the co-ordinates of the point of application 
of the blow, JT, F, Z the components of the blow, the general con- 
dition for rolling is that 

(.v.n(f-i)--^(5-i)(X..r„ 



^Z" 



^-^-^•{^^tiVo- 
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which, pnttLog 

reduces to 

16. The motion of the centre of the sphere is all in one 
plane. The condition is that E=0, 

17. The condition is that F becomes equal to /iB. The 
equations for the cylinder and particle must be written down 
separately* 



CHAPTER VII. 

1. — -^ ~-^ \ Q bemg the original angular 

velocity, and c the original distance of the particle from the fixed 
end of the tube. 

2. 2ailjl, if n be the angular velocity, after the impulse 

between the rod and tube at starting has taken place. 

n' . 
li = =-^ if O' be the angular velocity of the tube before this impulse. 



3. The position of the insect, while on the disc, is determined 

4. The equation of conservation of moment of momentum 

gives Mk^ + mr*) -- + mr*a = constant, 

at 

where <j> is the angle turned through by the disc. 
Also r* = a* cos 2at, 

6. The angular velocity of each rod after the impulse = jr- . 

Ad 
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7. The moment of momentum and the energy of the system 
remain unaltered. When the angle between the rods is greatest 

37 = -^ , with a notation like that of Art. 105, which sea 
at at ' 

8. Compare Arts, 105 and 108. 

9. The energy and moment of momentum of the system 
are each constant. 

10. Compare 105 and Example 7. 

11. Compare 105 and 108. 

12. Compare 105 and Example 7. 

14. The blow will always pass through the instantaneous 
centre of rotation. See Art. 3. 

15. If 0, <^ be the inclination of the rod to the vertical, and 
of the vertical plane through the rod to some fixed plane, the 
energy of the rod 



=i^¥{(f)"-'»-HS)). 



and the moment of its momentum round a vertical axis 

4a' . d<i> 
= M—zr- sin*c' , . 
3 dt 

The latter is constant and the former -C ■¥ Mga cos 0, When the 

dO 
rod makes the least angle with the vertical ;^ = 0. 

16. Solve as 15 and find when — - is a maximum. 

at 

17. Use Art. 64 to calculate the angular velocities produced, 
and Art. 96 to calculate the energy. 

18. The equations of motion of each rod are easily written 
down. The last result follows from the fact that the centre of 
inertia of the whole has no motion horizontally. 



120 ANSWERS TO EXAMPLES. 



CHAPTER VIII. 

1. The centre of the rod rises vertically. There are thas two 
equations of motion, each involving 71 The equation of energy 
will give the second result. 

2. Solve as in Art 115. 

3. T becomes '^ . 4, Treat as Art 115. 

5. If X'y Y' be the horizontal and vertical components of the 
action at the upper hinge and X the action at the lower, which is 
evidently horizontal, we easily get 

x+x'=o, Mv= r, (x-x)^- r^-0, 

whence the fii*st result follows. 

7. The equations of motion are 

sin* O-T = constant = - , 
dt 2' 

where and ^ are the usual apgular co-ordinates of the rod, and 
whence 

and by differentiating and putting $= ~ + \ff and then expanding 

the right-hand side to the first power of i/r so as to get an equation 

of the form 1^ -j-j - -4 — jB^, the condition of relative equilibrium, 

(tt 

which requires that ^ = 0, gives w* = ^j^ , and the time of a 
small oscillation 



-'^-V^f- 



The given geometrical condition shows that 6= ; in the 

4 

position of relative equilibrium. 
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8. The position of stable equilibrium is when the diameter is 
perpendicular to the line bisecting the arc. The moment of 
the repulsive forces on the rod round the centre when the rod ia 
displaced hj an angle from this position is easily found to be 

sin — ^d^ 



^J^fxaj cos (6/ + <l>) 



-2a 

the general integral of this 



2 



^cos-2^ + 1 

^2cos-^ A 

and taking this between the limits, and expanding in powers of 0, 
the result follows. 

In this and the following question the attraction of a particle 
on a rod must be remembered to be the same as that of the rod on 
the particle, and to bisect the angle between the lines joining the 
ends of the rod to the particle. 

10. ii}'<~. The equation giving the time of a small oscil- 
lation is 

(a« + A02 = -W-(»*-A') <»'}«. 
if is the inclination of the rod to the horizon. 

11. The centre of inertia of the whole system has no horizon- 
. tal motion. The equation of energy and the geometrical conditions 

will give the rest. 

12. The only motion to be considered is that of the centre of 
inei*tia. 

13. The initial velocity of the rod is v along AB. Hence 
the velocity of either end of the string in the direction of its length 

a — b 

U. M1^ (^'= C + \ {Va« + 6"-2a6sine - 7a« + 6'+2a6sintf}. 
A. D. 9 
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15. The tendency to break 

w 

16. The tendency to break at a point at an angular distance 
a from B is 2mc^ia' . cos*^ . 

17. The only effective forces reversed which have to be 
considered are forces mrw' on each particle from the centre of inertia 
outwards. The sum of the moments of all these on CA or CBy 
round C, will give the required result. 

18. The centre of inertia must be vertically above B. 

The force at C consists of a couple and a vertical force. The 
latter = fi . CA . v and the former =/* . CA . CB . sin 0, where ft is the 
mass of a unit of length, v the velocity of the rods before impact, 
and $ the inclination of CB to the horizon. 
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Sophocles. (Edipus Tyrannus. — (Edipus Coloneas. — Antigone. 
By P. A Paley, M.A. 

Homer. Diad. Book I. By F. A. Paley, M.A. Is. 

Cicero's De Senectute — ^De Amicitia and Epistolse Selectas. By 
Q.liong, M.A. 

Ovid. Selections. By A. J. Macleane, M.A. 

Others in %neparation. 

PUBLIC SCHOOL SERIES. 

A Series of Classical Texts j annotated by loell-known Scholars. Or. %vo. 
Aristophanes. The Peace. By F. A. Paley, M.A. 4s. 6d. 

The Achamians. By F. A. Paley, M.A. 4s. M. 

The Frogs. By F. A. Paley, M.A. 4s. 6d. 

Oioero. The Letters to Attlcus. Bk. I. By A. Pretor, M.A. 4s. 6c2. 
Demosthenes de Falsa Legatione. By B. Shilleto, M.A. 6s. 

The Law of Leptines. By B. W. Beatson, M.A. 3s. 6^?. 

Plato. The Apology of Socrates and Crito. By W. Wagner, Ph.D. 
6th Edition. 48. 6d. 

The PhflBdo. 6th Edition. By W. Wagner, Ph.I). 6s, 6J. 

The Protagoras. 3rd Edition. By W. Wayte, M.A. 4«. 6<i. 

The Euthyphro. 2nd edition. By G. H. Wells. 8s. 

The Euthydemus. By G. H. Wells. 4s. 

The Republic. By G. H. Wells. [Preparing, 

Flautus. The Aulularia. By W. Wagner, Ph.D. 2nd edition. 4s.6<i. 
^— Trinommas. By W. Wagner, Ph.D. 2nd edition. 4s, Od, 

The Menaechmai. By W. Wagner, Ph.D. 4s. 6d. 

Sophoclis Traohtaisd. By A. Pretor, M.A. . 4$. 6(2. 
Terence. By W. Wagner, Ph.D. 10s. ^d, 
Theooritus. By F. A. Paley, M.A. 4s. Qd, 

Others in preparation. 

CRITICAL AND ANNOTATED EDITIONS. 

iEtna. By H. A. J. Munro, M.A. 3s. 6d. 

Azistophanis ComoedisB. By H. A. Holden, LL.D. 8vo. 2 Tola. 
23s. 6d. Plays sold separately. 

Pax. By F. A. Paley, M.A, Fcap. 8vo. 4s. 6d. 

Catullus. By H. A. J. Munro, M.A. 7s. 6<2. 

Corpus Foetarum. Catinorum. Edited by Walker. IyoI.Sto. 18«. 

Horace. Quinti Horatii Flacci Opera. By H. A. J. Munro, M.A, 
Large 8vo. 11. Is. 

Llvy. The first five Books. By J. Prendeyille. 12mo. roan, 5s. 
Or Books L-m. S«. 6cL IV. and V. Ss, 6d. 
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Luoretiiis. Titi Lucretii Cari de Benun Natnra Libri Sex. With 
a TranBlation and Notes. Bj H. A. J. Mnnro, M.A. 2 vols. 8ve. Vol. I. 
Text. (New Edition, Preparing.) Vol. II. Translation. (Sold separately.) 

OvlcL P. OvidiiNasonisHeroidesXIV. By A. Palmer, M.A. 8V0.65. 

Propertius. Sex Aurelii Propertii Cormina. By F. A. Paley, M.A. 
8to. Cloth, 98. 

Sex. Propertii Elegiarum. Lib. IV. By A. Palmer. Fcap.8vo.55. 

Sophocles. The Ajaz. By C. E. Pahner, M.A. 4s. 6d. 

Thucydides. The History of the Peloponnesian War. By Bichard 
Shilleto, M.A. Book I. 8vo. 6s, 6d. Book II. 8to. Ss. 6d. 

LATIN AND GREEK CLASS-BOOKS. 

Auxilia Latina. A Series of Progressive Latin Exercises. By 
M. J. B. Baddelev. M.A. Feap. 8vo. Part I. Aoddence. U. 6d. Part II. 
3rd Edition, 2«. Eej, 2s. 6d. 

Latin Prose Lessons. By Prof. Church, M. A. 6th Edit. Fcap. Svo. 

2s. 6d. 

Latin Xixercises and Grammar Papers. By T. CoUins, M.A. 3rd 

Bdition. Fcap. Svo. 2s. 6d, 

Unseen Papers in Prose and Verse. With Examination Questions. 
By T. Collins, M.A. 2nd edition. Fcap. 8to. 2s. 6d. 

Analytical Latin ^zeroises. By C. P. Mason, B. A. drdEdit. Ss.Bd. 

Soala GrsBca : a Series of Elementary Greek Exercises. By Bev. J. W. 
Dayis, M.A., and B. W. Baddelej, M.A. 3rd Edition. Fcap. Svo. 2s. 6d. 

Greek Verse Composition. By G. Preston, M. A. Grown Svo. 48. 6(f . 

By the Bet. P. Fbobt, M.A., St. John's College, Cambridge. 
JiOlogSB LatlnflB ; or, First Latin Beading-Book, with English Notes 
and a Dictionary. New Bdition. Fcap. Svo. 2s. 6d. 

Materials for Latin Prose Composition. New Edition. Fcap. Svo. 

2s. 6d. Key, 4s. 

A Latin Verse-Book. An Introductory Work on Hexameters and 
Pentameters. New Edition. Fcap. Svo. 3s. Key, 5s. 

Analecta Gneca Minora, with Introductory Sentences, English 
Notes, and a Dictionary. New Edition. Fcap. Svo. Ss. 6d. 

Materials for Greek Prose Composition. New Edit. Fcap. Svo. 

3s. 6d. Key, 5s. 

IPlorilegium Poeticum. Elegiac Extracts from Ovid and Tibullus. 
-New Edition. With Notes. Fcap. Svo. 3s. 

By the Bev. F. E. Gbetton. 
A First Cheque-book for Latin Verse-makers. 1«. 6d. 

A Latin Version for Masters. 2«. 6(2. 

Beddenda ; or Passages with Parallel Hints for Translation into 
Latin Prose and Terse. Crown Svo. 4s. 6d. 

Reddenda Reddita {see next page). 

Bt H. a. Holden, LL.D. 
Follorum Silvula. Part I. Passages for l^anslation into Latin 
Elegiac and Heroic Terse. 9tli Edition. Post Svo. 7s. 6d. 

Part II. Select Passages for Translation into Latin Lyrio 

and Comic Iambic Terse. 3rd Editi<Ni. Post Svo. 5$. 

Part III. Select Passages for Translation into Greek Verse. 



3rd Edition. Post Svo. 8s. 
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Folia SilTuIsB, eive EclogSB Poetamm AngUoorum in Latintim et 
<Gtraacain conversfls. 870. Yol. I. lOs. 6<I. Vol. II. 12s. 

FoUorum CenturisB. Select Passages for Translation into Latin 
and Greek Prose. 7th Edition. PostSyo. 8s. 



TRANSLATIONS, SELECTIONS, &c. 

*«* Many of the following books are well adapted for ^hool Prizes. 

iSSsohylus. Translated into English Prose by F. A. Paley, M.A. 

2nd Edition. Svo. 7«. 6d. 
Translated into English Verse by Anna Swanwick. Post 

8to. 5s. 

Folio Edition, with 83 Illnstrations after Flaxman. 21. 2s. 



Anthologla GrsBca. A Selection of Choice Greek Poetry, with Notes. 
By F. St. John Tbackeraj. 4th and (Theaper JEdttion. 16mo. 4s. 6d. 

Anthologla Latlna. A Selection of Choice Latin Poetry, from 
NsBvins to BoSthins, with Notes. Bj Bev. F. St. John Thackeray. Revised 
and Cheaper Edition. 16mo. 48. Qd. 

Horace. The Odes and Carmen Sscnlai'e. In English Verse by 
J. Gonington, M.A. 8th edition. Foap. 8to. &. 6d. > 

The Satires and Epistles. In English Verse by J. Coning- 

ton, H.A. 5th edition. Qs. 6d. 

niastrated from Antique Gems by 0. W. King, M.A. The 



text revised with Introduction by H. A. J. Mnnro, H.A. Large Svo. . 11. 1«. 

Horace's Odes. Englished and Imitated by various hands. Edited 
by 0. W. F. Cooper. Crown Svo. 68. 6d. 

Mv88B Etonenses, sive Carminvm EtonsB Conditorvm Delectys. 
By Richard Okes. 2 vols. Svo. 158. 

Fropertius. Verse translations from Book V., with revised Latin 
Text. By F. A. Paley, M.A.' Foap. Svo. Ss. 

Plato. Gorgias. Translated by B. M. Cope, M.A. 8vo. 7». 
Philebus. Translated by F. A. Paley, M.A. SmaUSvo. 4a. 

ThesBtetus. Translated by F. A. Paley, M.A. Small Svo, 4». 

Analysis and Index of the Dialogues. By Dr. Day. Post 

Svo. 58. 

Beddenda Reddlta : Passages from English Poetry, with a Latin 
Verse Translation. By F. B. Gretton. Crown Svo. 68. 

Sabrtnea Corolla in hortnlis BegisB ScholaB Salopiensiscontezuenmt 
tres viri floribns legendis. Editio tertia. Svo. 88.6d. 

Sertum Carthusianum Floribus triom Seculomm Conteztum. By 
W. H. Brown. Svo. 148. 

TheoorituB. In English Verse, by C. S. Calverley, M.A. Crown 

Svo. [^ew Edition, Preparing. 

Translations into English and Latin. By C. S. Calverley, M.A. 
Post Svo. 7s. 6d. 

By R. C. Jebb, M.A. ; H. Jackson, M.A., and W. E.Currey, 

M.A. Crown Svo. Ss. 

into Greek and Latin Verse. By R. C. Jebb. 4to. cloth 



irilt. 108. 6d. 
Between Whiles. Translations by B. H, Kennedy. Crown Svo. 6s. 
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JLcodence. £7 :^ Se*r. P. Fto^ 
WrfcwTTrfi Sides fisr lbs CvidBBi SfsSek, Ac. Br J- T>*b> 

M.A. Ijl 
91m r^iiKqiles of Kstxzi QyiitBZ. Ijl 
OfeckTesbs. ACatakigagoiTcito^IiiggTihracdPiiiiiKiB; 



Oradc Aooents (Notes oa). Bf A. Banj, D J>. KevEdilkm. Is. 
Homeilc Dialect. Its Leading Fonns aztd PeenlinitiaB. B7J.8. 

OfwkAc^deaoe. B7 the Ber. P. Frart» ILA. NevSditiQn. It. 



CAMBRIDGE MATHEMATICAL SERIES. 

Whitworth'f Choice and Chance. 3rd Editkm. Crown Sra 6s. 
McDowell** Sxercifles on Eoclid and in Modem Geometry. 

V)r7)ratt'8 Trigonometry. Sewed. 

Taylor's Oeometry of Conies. Elementary. 3rd Edition. 4s. 6<2. 

Aldls'i Solid Geometry. 3rd Edition. 6s. 

Gamett'M Xlementary Dynamics. 2nd Edition. 6s. 

■ Heat, an Blementary Treatise. 2nd Edition. 3s. 6<f . 

VTftlton'i Xlementary Mechanics (Problems in). 2nd Edition. 6s. 



Educational Works. 



CAMBRIDGE SCHOOL AND COLLEGE 

TEXT-BOOKS. 

A Series of Elementary Treatises for the use of Students in the 

Universitiest Schools, artd Candidates for the Public 

Examinations, Fcap. Svo. 

Arlthmetio. By Bev. C. Elsee, M. A. Fcap. Svo. 10th Edit. 3«.6i. 

Algebra. By the Rev. C. Elsee, M.A. 6th Edit. 4s. 

ArithmeUo. By A. Wrigley, M.A. 3«. 6^?. 

A Progressive Course of Examples. With Answers. By 

J. Watson, M.A. 5tb Edition. 23. 6d. 

Algeora. Progressive Course of Examples. By Rev. W. F. 
M'Micliael,M.A.,and B. Prowde Smith, M.A. 2nd Edition. Ss.Gd. With 
Answers. 4s. 6d. 

Plane Astronomy, An Introduction to. By P. T. Main, M.A. 

4th Edition. 4a. 

Ck>nio Sections treated Geometrically. By W. H. Besant, M.A. 
4th Edition. 4s. 6d. 

Elementary Conio SeoUons treated Geometrically. By W. H. 
Besant, M.A. . [_In the Press, 

Statics, Elementary. By Rev. H. Goodwin, D.D. 2nd Edit. 3s. 

Hydroatatios, Elementary. By W. H. Besant, M.A. 10th Edit. 4«. 

Mensuration, An Elementary Treatise on. By B. T. Moore, M.A. Qs. 

Newton's Frlncipia, The First Three Sections of, with an Appen- 
di#; and the Ninth and Eleventh Sections. By J. H. Evans, M.A. 5th 
Edition, by P. T. Main, M.A. 48. 

Trigonomel^, Elementary. By T. P. Hudson, M.A. ds, 6d. 

Optics, Geometrical. With Answers. By W. S. Aldis, M.A. Bs. 6<f. 

Analytioal Geometry for Schools. By T. G. Vyvyan. 3rd Edit. 4s. Qd. 

Greek Testament, Companion to the. By A. C. Barrett, A.M. 
4th Edition, revised. Fcap. Svo. 5e. 

Book of Common Prayer, An Historical and Explanatory Treatise 
on the. By W. G. Humphiy, B.D. 6th Edition. Fcap. Svo. 4s. 6d. 

Music, Text-book of. By H. C. Banister. 9th Edit, revised. 5s. 

Concise History of. By Rev. H. G. Bonavia Hunt, B. Mus. 

Ozon. 5th Edition revised. 3s. 6d. 



ARITHMETIC AND ALGEBRA. 

See foregoing Series. 



GEOMETRY AND EUCLID. 

Text-Book of Geometry. By T. S. Aldis, M.A. Small Svo. 

4a. ed. Part I. 2s. 6d. Part II. 2s. 

The Elements of Euclid. By H. J. Hose. Fcap. Svo. 4«. Qd. 
Exercises separatelj. Is. 

The First Six Books, with Commentary by Dr. Lardner. 

10th Edition. Svo. 6s. 

The First Two Books explained to Beginners. By C. P. 



Mason, B.A. 2nd Edition. Fcap Svo. 2s. 6d. 
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The Enunciations and Figures to Euclid's Elements. By Bev. 

J. Bmsse, D.D. New Edition. Fcap.Svo. Is. On Cards, in case, 5s. 6d. 
Without the Figures, 6d. 

Exercises on Euclid and in Modem Geometry. By J. McDowell, 

B.A. Crown 8to. 3rtl Edition revised. 6«. 

Geometrical Conic Sections. By W. H. Besant, M.A. 4th Edit. 

Elementary Geometrical Conic Sections. By W. H. Besaut, 
M.A. [In the Press. 

Elementary Geometry of Conies. By C. Taylor, M.A. 3rd Edit. 

8vo. Is. GtJ. 

An Introduction to Ancient and Modem Geometry of Conies. 

By C. Taylor, M.A. 8vo. ISs. 

Solutions of Geometrical Problems, proposed at St. John*s 
CoUege from 1330 to 18i6. By T. Gaskin, M.A. 8vo. 12s. 

TRIGONOMETRY. 

Trigonometry, Introduction to Plane. By Rev. T. G. Vyvj^an, 
. Charterhouse. Cr. 8vo. Sewed. 

Elementary Trigonometry. By T. P. Hudson, M.A. 3s. 6rf. 

An Elementeury Treatise on Mensuration. By B. T. Moore, 
M.A. 5s. 



ANALYTICAL GEOMETRY ^ 

AND DIFFERENTIAL CALCULUS. 

An Introduction to Analytical Plane Geometry. By W. P. 

Tumbull, M.A. 8vo. 12«. 

Problems on the Principles of Plane Co-ordinate Geometry. 

By W. Walton, M.A. 8vo. 16<. 
Trilinear Co-ordinates, and Modem Analjrtical Geometry ox 

Two Dimensions. By W. A. Whitworth, M.A; 8ro. 1««. 

An Elementary Treatise on Solid Geometry. By W. S. Aldis, 
M.A. 2nd Edition revised. 8to. Ss. 

Elementary Treatise on the Differential Calculus. By M. 

' O'Brien, M.A. 8to. 10«. 6d. 

Elliptic Functions, Elementary Treatise on. By A. Cayley, M.A. 
Demy 8yo. ISs. 



MECHANICS & NATURAL PHILOSOPHY. 

statics. Elementary. By H. Good\yin, D.D. Fcap. 8vo. 2nd 
Edition. 3s. 

Dynamics, A Treatise on Elementary. By "W. Gamett, M.A. 
2nd Edition. Crown 8ro. Gs, 

Elementary Mechanics, Problems in. Bj W. Walton, M.A. New 
Edition. Grown Svo. Qs. 

Theoretical Mechanics, Problems in. By W. Walton. 2nd Edit. 
revised and enlarged. Demy 8vo. 168. 
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Hydrostatics. iJyW.H.Besant, M. A. Fcap.Svo. lOtli Edition. 4«. 

Hydromechanics, A Treatise on. By W. H. Besant, M.A. 8vo. 
New Edition revisod. 10& 6d. 

Dynamics of a Particle, A Treatise on the. By W. H. Besant, M. A. 

[Preparing. 
Optics, Geometrical. By W. S. Aldis, M.A. Fcap. 8vo. 8«. 6d, 

Double Refraction, A Cliapter on Fresners Theory of. By W. S. 
Aldis, M.A. 8vo. 2^. 

Heat, An Elementary Treatise on. By W. Gamett, M.A. Crown 
8vo. 2ud Edition revised. Se. 6d, 

Newton's Principia, The First Three Sections of, with an Appen- 
dix ; and the Kinth and Eleventh Sections. By J. H. Eyans, M.A. Sth 
Edition. Edited by P. T. Main, M.A. 4a, 

Astronomy, An Introduction to Plane. By P. T. Main, M.A. 
Fcap. 8vo. cloth. 4s. 

Astronomy, Practicaland Spherical. By B. Main, M.A. 8vo. 14#. 

Astronomy, Elementary Chapters on, from the *Astronomie 
Physique* of Biot. By H. Goodwin, D.D. Svo. &, Cd. 

Pure Mathematics and Natural Philosophy, A Compendium of 

Facts and Forinuko in. *By G. R. Smalloy. Fcap. 8vo. 8«. 6d. 

Elementary Course of Mathematics. By H. Goodwin, D.D. 

6th Edition. 870. 16x. 

Problems ancl examples, adapted to the ' Elementary Course of 
Mathematics.' 3rd Edition. Svo. $». 

Solutions of Gopdv^in's Collection of Problems and Examples. 

By W. W. Hntt, M.A. 3rd Edition, revised and enlarged. 8to. 9a. 

Pure Mathematics, Elementary Examples in. By J. Taylor. Svo. 

7a. 6d. 
Mechanics of Construction. With numerous Examples. By 

8. Fenwick. F.R.A.S. 8vo 12a. 

Pure and Applied Calculation, Notes on tlie Principles of. By 
Rev; J. Challis, M.A. Demy Svo. 15«. 

Physics, The Mathematical Principle of. By Rev. J. Challis, M A. 
Demy Svo. 5s. 



TECHNOLOGICAL HANDBOOKS. 

Edited by H. Trueman Wood, Secretary of the 

Society of Arts. 

1. Dyeing and Tissue Printing. By W. Crookes, F.R!s. 

[_In the press. 

2. Iron and Steel. By Prof. A. K. Huntington, of King's College. 

[Preparing. 

3. Cotton Manufacture. By Bichard MarsdeUt Esq., of Man- 

chester. [^Preparing. 

4. Telegraphs and Telephones. By W. H. Preece, F.R.S. 

iPveparing. 

o. Glass Manufacture. By Henry Chance, M.A. ; H. Powell, B.A. ; 
and John Hopkmson, M.A., LL.D., F.R.S. 
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HISTORY, TOPOGRAPHY, &c. 

Rome and the Campagna. By B. Bum, M.A. With 85 En- 
gravings and 26 Maps and Plans. With Appendix. 4to. 31. 38. 

Old Rome. A Handbook for Travellers. By B. Bum, M.A. 
With Maps and Plans. Demy 8vo. lOs. 6d. 

Modem Europe. By Dr. T. H. Dyer. 2nd Edition, revised and 
continued. 5 toIs. Demy Sto. 21. 12s. 6(7. 

The History of the Kings of Rome. By Dr. T. H. Dyer. 8vo. 16^. 

The History of Pompeii: its Buildings and Antiquities. By 
T. II. Dyer. 3rd Edition, brought down to IS7L Post 8vo. 7s. 6d. 

Ancient Athens: its History, Topography, and Bemains. By 
T. H. Dyer. Super-royal 8vo. Cloth. 11. 5s. 

The Decline of the Roman Republic. By G. Long. 5 vols. 
8to. 148. eaoh. 

A History of Sngland during the Early and Middle Ages. By 

0. H. Pearson, M.A. 2nd Edition ravised and enlarged. 8iro. Tol. I. 
168. VoLH. 148. 

Historioal Maps of England. By G. H. Pearson. Folio. 2nd 
Edition reyised. Sis. 6d. 

History of England, 1800-15. By Harriet Martineau, with new 
and copious Index. 1 vol. Ss. 6ii. 

History of the Thirty Tears' Peace, 1815-46. By Harriet Mar- 
tineau. 4 vols. Ss. 6d. eaoh. 

A Practical Synopsis of English History. By A. Bowes. 4th 

Edition. 8to. 2s. 

Student's Text-Book of English and General History. By 
D. Beale. Grown 8vo. 2s. 6<Z. 

Lives of the Queens of England. By A. Strickland. Library 
Edition* 8 toIs. Ts. 6d. etbch. Cheaper Edition, 6 vols. 5s. each. Abridged 
Edition, 1 vol. 68. 6d. 

Eginhard's Life of Karl the Great (Charlemagne). Translated 
•with Notes, by W. Glaister, M.A., B.G.L. Crown 8vo. 48. 6d. 

Outlines of Indian history. By A. W. Hughes. Small post 

8vo. 3s. 6d. 

The Elements of General History. By Prof. Tytler. New 
Edition, brought down to 1874. Small post 8vo. 3s. 6d, 

ATLASES. 

An Atlas of Classical Geography. 24 Maps. By W. Hughes 
and G-. Long, M.A. New Edition. Imperial 8vo. 12s. 6d. 

A Grammar-School Atlas of Classical Geography. Ten Maps 
selected from the above. New Edition. Imperial 8to. Ss. 

First Classical Maps. By the Rev. J. Tate, M.A. 3rd Edition. 
Imperial 8vo. Ts. 6d. 

Standard Library Atlas of Classical Geography. Imp. 8vo. 7$. 6<f . 
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PHILOLOGY. * 

WEBSTEB'S DICTIONARY OF THE ENGLISH LAN- 

GTJAOE. With Br. Mahn'B El^molofiry. 1 vol., 1628 Pages, SOOO lUnfl. 

tratioiu. Sla. With Appendioea and 70 additional pages of lUnstra 

tions, 1919 Pages, 31«. 6d. 

* Tus BEST PSAcncAi. BvoLiSH DiCTiONABT BXTAHT.'— Qttarterly Eemmo, 1873. 

ProspeotiiMBf with specimen pagos, post free on application. 

New Dictionary of the English Language. Combining Explan- 
ation witii Btymology. and oopionslj illustrated by Quotations from the 
best Anthorities. By Dr. Biohardson. New Edition, with a Supplement. 
2 vols. 4to. 41. 148. 6d.; half russia, 51. 158. 6d.; rossia, 61. 128. Supplement 
, separately. 4to. 128. 

An 8to. Edit, without the Quotations, 15s.; half mssia, 208.; mssia, 248. 

Supplementary English Glossary. Containing 12,000 words and 
meanings occurring in English Literature, not found in any other 
Dictionaiy. By T. L. O. Davies. Demy 8vo. 16*. 

Dictionary of Corrupted Words. By Bev. A. S. Palmer, [in thepress. 

Brief History of the English Language. By Prof. James Hadley» 
LL.D., Yale College. Fcap. 870. Is. 

The Elements of the English Language. By E. Adams, Ph.D. 

15th Edition. PostSvo. 48. 6d. 

Philological Essays. By T. H. Key, M.A., F.B.S. 8vo. 10«. 6(2. 
Language, its Origin and Development By T. H. Key, M.A., 

F.B.S. 8yo. 148. 

Synonyms and Antonyms of the English Language. By Aroh- 
deacon Smith. 2nd Edition. Po8t8TO. 58. 

Synonyms Disoriminated. By Archdeacon Smith. DemySvo. 16«. 

Bible English. By T» L. O. Davies. 6s. 

The Queen's English. A Manual of Idiom and Usage. By the 
late Dean Alf ord. 5th Edition. Fcap. Sro. 58.* 

Etymological Glossary of nearly 2500 English Words de- 
rived from the Greek. By the Bey. E. J. Boyco. Fcap. 8yo. 38. 6d. 

A Syriac Grammar. By G. Phillips, D.D. 3rd Edition, enlarged. 
Sto. 78. 6d. 

A. Grammar of the Arabic Language. By Bey. W. J. Beau- 
mont, M.A. 12mo. 78. 



DIVINITY, MORAL PHILOSOPHY, &c. 

Novum Testamentum Grsecum, Textus Stephanici, 1550. By 
F. H. Scrivener, A.M., LL.D. New Edition. 16mo. 48. .6d. Also on 
Writing Paper, with Wide Margin. Holf-bonnd. 128. 

By the same Author, 

Codex Bezee Oantabrigiensis. 4to. 26s. 

A Full Collation of the Codex Sinaiticus with the Beceivcd Text 
of the New Testament, with Critical Introduction. 2nd Edition, revised. 
Fcap. 8vo. 58. 

A Flain Introduction to the Criticism of the New Testament. 

With Forty Facsimiles from Ancient Manuscripts. 2nd Edition. 8vo. 168. 

Biz Lectures on the Text of the New Testament. For English 
Headers, drown 8vo. 68. 
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The New Testamentr for Snglish Beadera. By the late H. Alford, 

D.D. ToL I. Part I. 3rd Bdit. 128. YoL L Part U. 2nd Edit. lQ8.6d. 
Vol. U. Part L 2nd Edit. 16s. Yol. H. Part II. 2nd Edit. 16s. 

The Greek Testament By the late H. Alfoid, DJ>. VoL I. 6ih 
Edit. II. 88. YoL n. 6tli Bdit. IL 4». Yol. HI. 5th Edit. 18s. Yol. lY. 
Part I. 4th l!.dit. 18s. Yol. lY. Pbrt H. 4th Edit. lis. Yol. lY. II. 12s. 

Companion to the Greek Testament. By A. C. Barrett, M.A. 
4th Edition, reriBod. Fcap. 8ro. Ss. ' • 

The Book of Psalms. A New Translation, with Introdactions, &c. 
Bj the Yerr Bey. J. J. Stewart Perowne, D.D. 8ro. Yol. I. 4th Edition, 
18s. YoL n. 4th Edit. 16s. 

Abridged for Schools. 3rd Edition. Crown 8vo. 10s. Od, 

History of the Articdes of Religion. By C. H. Hardwick. 3rd 
Edition. PortSvo. 5s. 

History of the Creeds. By J. R. Lumby, D.D. 2nd Edition. 
Crown 8to. 7s. 6d. 

Pearson on the Creed. Carefully printed from an early edition. 
With Analysis and Index by E. Walford, M.A. Post 8to. 5s. 

An Historioal and Explanatory Treatise on the Book of 

Common Prayer. By Rer. W. O. Humphry, B.D. 6th Edition, enlarged. 
Small post ^o. 4b. 6d. 

The New Table of Lessons Explained. By Kev. W. G. Humphry, 

B.D. Fcap. Is. 6d. 

A Commentary on the G-ospels for the Sundays and other Holy 
Days of the Christian Year. By Bev. W. Denton, A.M. New Edition. 
3 vols. 8vo. 5ifS. Sold separately. 

Commentary on the Epistles for the Sundays and other Holy 
Days of the Christian Year. By Eev. W. Denton, A.M. 2 v«ls. 36s. Sold 
separately. 

Commentary on the Acts. By Bev. W. Denton, A.M. Vol. I. 
870. 183. Vol. II. 14s. 

Notes on the Catechism. By Bev. A. Barry, D.D. Gth Edit. 
Fcap. 2s. 

Catechetical Hints and Helps. By Bev. E. J. Boyce, M.A. 4th 
Edition, revised. Fcap. 2s. 6d. 

Examination Papers on Religious Instruotion. By Bev. E. J. 

Boyoe. Sewed. Is. 6d. 

Church Teaching for the Church's CMLdreH. An Exposition 
. of the Catechism. By the Bev. F. W. Harper. Sq. fcap. 2s. 

The Winton Church Catechist. Questions and Ans^^ers on the 
Teaching of the Church Catechism. By the late Bev. J. S. B. Monsell, 
LL.D. 3rd Edition. Cloth, 3s.; or in Four Parts, sewed. 

The Church Teacher's Manual of Christian Instruotion. By 

Eev.M. F. Sadler. 21st Thousand. 2s. 6d. 

Short Explanation of the Epistles and Gospels of the Chris- 
tian Tear, with Questions. Royal 32mo. 2s. 6d.; calf, -Is. 6d. 

BuUer's Analogy of Religion ; with Introdnotion and Index by 
Bev. Dr. Steere. New Edition. Foap. Ss. 6d. 

Three Sermons on Human Nature, and DiFsertation on 

Virtue. By W. Whewell, D.D. 4th Edition. Fcap. 8vo. 2s. 6d. 
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Lecttires on the Histoiy of Moral Philosophj in England. By 
W. "WTiewell, D.D. Crown 8to. 8a. 

Kent's Oommentary on International Law. By J. T. Abdy, 

LL.D. New and Cheap Edition. Crown Sro. 10«. 6d. 

A Msmual of the Roman Civil Law. By G. Lcapingwell» IiL.D. 

Svo. 12s. • 



FOREIGN CLASSICS. 

A series for ttse in Schools, with English Notes, grammatical and 
explanatoiy, and renderings of difficult idiomatic expressions. 

Fcap* Qvo. 

Sohiller'a Wallenstein. By Dr. A. Buchheim. 3rd Edit. 6«. 6(2. 

Or the Lagrer and PiocQlomini, 3s. 6d. Wallenstein's Tod, 3s. Qd. 

Maid oT Orleans. By Dr. W. Wagner. Bs, 6rf. 

Maria Stuart. By Y. Kastner. 3s, 

Qoethe's Hermann and Dorothea. By E. Bell, M.A., and 

B.Wdlfel. 29. 6d. 

German Ballads, from Uhland, Goctho, a^d Schiller. By C. L. 

Bielefeld. 3rd Edition. Ss. 6d. 
Oharles ZII., par Voltaire. By L. Diroy. 4th Edition. 85. 6(2. 

Aventures de T416maqae, par F6n61on. By G. J. DeliUe. 2nd 

Edition. 4s. 6d. 
Select Fables of La Fontaine. By F. E. A. Gasc. 14th Edition. Ss. 
Pieolola, hy X.B. Saintine. By Dr.Dubuc. 11th Thousand. 3«. 6(2. 



FRENCH CLASS-BOOKS. 

Twenty Lessons in French. With Vocabulary, giving the Pro- 
nunciation. By W. Brebner. Post Svo. 4s. 
French Grammar for Public Schools. By Bey. A. C. Glapin, M.A. 

Fcap. 8to. Sfch Edit. 2s. 6d. 

French Primer. By Rev. A. 0. Olapin, M.A. Fcap. 8vo. 4th Edit. 

Is. 
Primer of French Philology. By Rev. A. 0. Clapin. Fcap. Svo. 1*. 

Le Nouvean Tr6sor; or, French Student's Companion. By 
M. E. S. 16th Edition. Fcap. 8to. '3s. 6d. 

F. E. A. GASC'S FRENCH COURSE. 
First French Book. Fcap 8vo. 76th Thousand. Is. 6(2. 
Second French Book. 37th Thousand. Fcap. Svo. 2s. 6(2. 
Key to First and Second French Books. Fcap. Svo. 8«. 6(2. 

French Fables for Beginners, in Prose, with Index. 14th Thousand. 

12mo. Ss. 
Select Fables of La Fontaine. New Edition. Fcap. Svo. 3«. 
Histoires Amnsantes et Instructives. With Notes. 14th Thou. 

sand. Fcap. Svo. 28. 6d. 
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FraoUoal Ooide to Modem Frenoh Gonyersatlon. 12thThon- 

sand. Fcap. 8to. 28. 6d. 

French Poetry for the Young. With Notes. 4th Edition. Fcap, 

8vo. 28. 

Mate^falB for French Prose Composition; or, Selections from 
tbe boat English Prose Writers. 15th Thousand. Fcnip. 8ro. 4a. 6d. ' 
Key, 68. 

Prosateun Oontemporalns. With Notes. 8vo. 6th Edition, 
revised. Ss. 

Le Petit Compagnon ; a French Talk-Book for Little Children. 
lOth Thoiisand. 16mo. 28. 6d. 

An Improved Modem Pocket Diotionary of the French and 
English Languages. SOth Thousand, with Additions. 10mo. Cloth. 48. 
Also in 2 vols., in neat leatherette, 5s. 

Modem French-English and English-Frenoh Dictionary. 2nd 
Edition, revised. In 1 vol. 128. 6d. (formerly 2 toIs. 258.) 

GOMBEBT*S FRENCH DRAMA. 

Being a Selection of the hest Tragedies and Comedies of Molidre, 
Badne, Gomeille, and Voltaire. With Arguments and Notes by A. 
Gombert. New Edition, revised by F. E. A. uasc. Fcap. 8vo. !«. each { 

■•^^•^ • COHTBHTS. 

MOLiKBX :~Le Misanthrope. L'Avare. Le Bourgeois QentiUxomme. Le 
Tartnffe. Le Malade Imaginaire. Les Femmes Savantes. Les Fourborif^a 
de Soapin. Les Pr^ouses Ridicules. L'Ecole des Femmes. L'Ecole del 
Maris. Le MMedn maJgr^ Lui. 

Bacivx :— PhMre. Esther. Athalie. Iphig^nie. Les Plaideui-s. La 
Th^balde; or, LesFrdres Enneinis. Andromaqne. Britannious. 

P. OoBvsiLLS : — Le did. Horaoe. Oinna. Polyencte. 

VOLTAIBB :— Zaire. 



GERMAN CLASS-BOOKS. 

Materials for Gorman* Prose Composition. By Dr Buchheim. 

7th Edition Fcap. is. 6d. Key, 38. 

A German Grammar for Pablic Schools. By the Rev. A. C. 

ClapinandF. noil Mailer. 2nd Edition. Fcap. 2& 6d. 

Kotzebue's Der Gefangene. With Notes by Dr. W. Stromberg. 1#. 



ENGLISH CLASS-BOOKS. 

A Brief History of the English Language. By Prof. Jas. Hadlcy, 
LL.D., of Yale College. Fcap.Svo. Is. 

The Elements of the English Language. By E. Adams, Ph.D. 

18th Edition. PostSvo. 48. 6d. 

The Budimenta of English Grammar and Analysis. By 

E. Adams, Ph. D, 8th Edition. Fcap. 8vo. 28. 

By G. P. Mason, Fellow of Univ. Coll. London. 

First Notions of Grammar for Toung Learners. Fcap. 8yo. 
lOth Thousand. Oloth. Sd. 

First Steps in English Grammar for Junior Classes. Demy 

18mo. New Edition. Is. 
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Outlines of English Grammar for the use of Junior Glasses. 

26tli Thoufiaud. Crown 8vo. 2^. 

English Grammar, including the Principles of Grammatical 

Analysis. 24th Edition. 77th Thousand. Crown Svo. Ss. €d. 

A Shorter English Grammar, with copious Exercises. 8tb Thou- 
sand. Crown 8yo. Ss. 6d. 

English Grammar Practice, being the Exercises separately. Is, 

Edited for jEHiddle-CUus Examinations, 

With Notes on the Analysis and Parsing, and Explanatory Remarks. 

Milton's Paradise Lost, Book I. With Life. 3rd Edit. PostSyo. 

2s 
Book n. With Life. 2nd Edit. PostSyo. 2s, 

Bookm. With Life. PostSyo. 2s. 

€k)ldsmith's Deserted Village. With Life. Post Syo. 1*. M, 

Cowper's Task, Book II. With Life. Post Svo. 2s, 

Thomson's Spring. With Life. Post Syo. 2s. 

Winter. With Life. Post Syo. 2s. 



Practical Hints on Teaching. By Bey. J. Menet, M.A. ath Edit. 
Crown Syo. cloth, 2s. 6d. ; paper, 2s. 

Test Lessons in Dictation. 2nd Edition. P&per coyer, Is. 6(2. 

Questions for Examinations in English Literature. By B^y. 

W. W. Skeat, Prof, of Anglo-Saxon at Cambridge UniTersity. 2s. 6d. 

Drawing Copies. By P. H. Delamotte. Oblong Syo. 12s. Sold 
also in parts at Is. each. 

Poetry for the School-room. New Edition. Fcap. Syo. Is. Bd. . 
Geographical Text-Book ; a Practical Geography. By M. E. S. 

12mo. 2.0. 

The Blank Maps done up separately, 4to. 28. coloured. 

Loudon's (Mrs.) Entertaining Naturalist New Edition. Beyised 
by W. S. Dallas, F.L.S. 5s. 

Handbook of Botany. New Edition, greatly enlarged by 

D. Wooster. Fcap. 2s. 6d. 

The Botanist's Pocket-Book. With a copious Index. By W. B. 
Hayward. 3rd Edit, revised. Crown Svo. Cloth limp. 49. 6d. 

Experimental Chemistry, founded on the Work of Dr. Stockhardt. 

By C. W. Heaton. Post Svo. 5s. 

Double Entry Elucidated. By B. W. Foster. 12th Edit. 4to. 

3s. 6d. 

A New Manual of Book-keeping. By P. Crellin, Accountant. 

Crown Svo. Ss. Gd, 
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Picture School-Books. In Simple Language, with nnmerous 
ninstrations. Royal 16ino. 

School Primer. 6d. — School Reader. By J. Tilleard. la.— Poetry Book 
for Schools. Is. — The Life of Joseph. Is. — The Scripture Parables. By the 
Rev. J. E. Clarke. Is. — The Scripture Miracles. By the Rev. J. E. Clarke. 
1«.— The New Testament History. By the Rev. J. G. Wood, M. A. 1.^.— The 
Old Testament History. By the Rev. J. G. Wood, M.A. Is.— The Story of 
Bnnyan's Pilgrim's Prc^sfress. Is. — The Life of Christopher Columbns. By 
Sarah Crompton. Is. — ^The Life of Martin Luther. By Sarah Crompton. 1& 



BOOKS FOR YOUNG READERS. 

In 8 Tols. Limp cloth, 6<2. each. 

The Cat and the ^en ; Sam and his Do.{? Red^eg ; Bob and Tom Lcc ; A 

Wreck The New-bom Lamb ; Rosewood Box ; Poor Fan ; Wise Dog The 

Three Monkeys Story of a Cat, told by Hei-self The Blind Boy ; The Mute 

Girl; A New Tale of Babes in a Wood The Deyandthe Knight ; The New 

Bank-note ; The Roval Visit ; A King's Walk on a Winter's Day Qneen Bee 

and Busy Bee GxQl's Cra^r* a Story of the Sea. 

First Book of Geography. By C. A. Johns. Is. 



BELL'S READING-BOOKS. 

FOB SCHOOLS AND PAROCHIAL LIBRARIES. 

The popularity which the 'Books for Yonng Readers' have attained is 
a. sufficient proof that teachers and pupils alike approve of the use of inter- 
esting stories, with a simple plot in place of the dry combination of letters and 
syllables, T«aTo-ng no impression on the mind, of which elementary reading* 
l)Ooks generally consist. 

The Publishers have therefore thought it advisable to extend the application 
of this principle to books adapted for more advanced -readers. 

Now Beady* Post Qvo. Strongly bound. 
Masterman Beady. By Captain Manyat, B.N. Is. 6J. 
The Settlers in Canada. By Captain Marryat. B.N. 1^. Gd, 
Parables from Nature. (Selected.) By Mrs. Gatty. Is. 
Friends in Fur and Feathers. By Gwynfryn, Is. 
Bobinson Crusoe. Is. 6d, 

Andersen's Danish Tales. (Selected.) By E. Bell, M.A. Is. 
Southey's Life of Nelson. (Abridged.) Is, 
Grimm's Oerman Tales. (Selected.) By £. Bell, M.A. Is. 
Life of the Duke of Wellington, with Maps and Plans. Is. 
Marie; or, Glimpses of Life* in France. By A. R. Ellis. Is. 
Poetry for Boys. By D. Munro. Is. 
Edgeworth's Tales ; a Selection. 1^. 
Great Englishmen ; Short Lives for Young Children. Is. 

Others in Preparation, 
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